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THEORETICAL PROPERTIES OF DENSE HYDROGEN 
CHARLES L. CRITCHFIELD 


ABSTRACT 


A large part of a giant planet may be composed of hydrogen which is under sufficient pressure to 
form the metallic phase. The thermal conductivity calculated for that phase is high enough to carry 
away a reasonable amount of heat due to radioactivity of the core without raising the internal tempera- 
ture above the melting-point of the lattice. 

An upper limit to the density of pure hydrogen is set by the formation of deuterons from neighboring 
protons. If the 8-transition involved is “allowed,” the limit is 10° water density. At this same density 
the absorption of conduction electrons becomes important in the reaction, so that a significantly greater 
upper limit is possible only if the combination of protons entails a highly forbidden §-transition. The 
influence of the conduction electrons on the 8-process is calculated. Inasmuch as a lining-up of proton 
spins would affect their combination, the curie point for proton ferromagnetism is estimated. 

It is shown that the internal temperature of a white dwarf star in which the hydrogen lies on the sur- 
face will not be very different from that found for uniformly mixed material. The main source of opacity 
of atomic hydrogen on the surface is absorption during triple collisions. 


The importance of degenerate gases, including hydrogen, in the structure of dwarf 
stars and of the giant planets has been considered by many authors.'! Dense masses of 
hydrogen are also of interest as embryonic stars if the individual bodies are older than 
the chemical elements. In the present paper certain physical properties of dense hydro- 
gen that are of importance to the theory of these bodies are calculated. These properties 
are: the limiting densities of stability (Secs. I and III), particularly against formation 
of deuterons (Sec. III); the thermal conductivity of metallic hydrogen (Sec. II), which 
has previously been suggested as a constituent of the giant planets by Wildt;! and, final- 
ly, the cooling properties of an atmosphere of hydrogen in white dwarfs (Sec. IV). The 
latter are found to be insufficient to guarantee a cool interior for the star. In calculating 
the thermal conductivity and proton ferromagnetism it was assumed that the hydrogen 
forms a body-centered cubic (metallic) lattice at sufficiently high pressures. 


I 


The theoretical possibility of a metallic modification of hydrogen has been considered 
by E. Wigner and H. B. Huntington.? They reach the conclusion that the body-centered 
! Lists of relevant papers are given at the ends of chaps. x and xi of Chandrasekhar’s book, An Intro- 


duction to the Study of Stellar Structure, Chicago, 1939. Additional references are: D. S. Kothari, M.N., 
96, 833, 1936; A. Sommerfeld, Nuovo cimento, 15, 14, 1938; R. Wildt, Ap. J., 87, 508, 1938. 


2 J. Chem. Phys., 3, 765, 1935. 
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cubic form should have a density of about 0.6 and a heat of formation out of atomic 
hydrogen of 10 kcal, or perhaps a few kilocalories more. This is to be compared with the 
density, 0.087, of solid molecular hydrogen, which has a heat of formation of 52.5 kcal. 
Thus, at ordinary pressures the molecular lattice is much the more stable form. At high 
pressures, however, the metallic form may become more stable. It is estimated by Wig- 
ner and Huntington that under the most favorable conditions the metallic lattice would 
become more stable at 250,000 atm. The density at this pressure would be about 0.66. 

There is not only a minimum pressure at which metallic hydrogen becomes stable, 
but there is a maximum pressure (or, more directly, a maximum density) at which it can 
exist. One estimate of the upper limit to the density is given by the condition that the 
zero-point vibrations of the protons shall not be strong enough to prevent the formation 
of a lattice. This condition may also be stated by requiring the characteristic tempera- 
ture 6 to be less than the temperature of fusion Ty. At very high densities the protons 
are imbedded in a uniform distribution of highly degenerate electrons and can be shown 
to oscillate about their positions of equilibrium under harmonic forces. Following the 
method of E. Wigner and F. Seitz,* we describe about each nucleus a sphere of radius 
r, times the Bohr radius, which is determined from the number of electrons (or protons) 


per cubic centimeter, n, by 


(0.528 X 10-8)? = (1) 


p=myn=2.69r,°. 


The angular frequency of the harmonic force with which each proton is drawn to the 
center of its s-sphere and the characteristic temperature are then 


k 
The energy required to displace a proton under these forces to the distance r, is a rough 


estimate of 


(2) 


2 
(0.528 X 10-8) = 318,0007,'. (3) 


The temperature 0 becomes as large as 7 when r,'/? = 0.0232, corresponding to a den- 
sity (eq. [1]) of 1.7 X 10'°. Densities as high as this cannot be reached in hydrogen for 
another reason, which we shall now consider. 

Kothari‘ has pointed out that hydrogen cannot exist above a certain density because 
of the capture of the electrons by protons to form neutrons. If the energy of some of the 
electrons in the degenerate gas is greater than the energy difference between neutron and 
hydrogen atom, namely, 0.75 X 10° e.v., these electrons will be captured by protons. 
The upper limit thus set on the density of hydrogen decreases with temperature; and, 
since the creation of neutrons will lead to energy production in nuclear reactions and a 
rise in temperature, hydrogen at the critical density is highly explosive. At the absolute 
zero the maximum density, pmax, turns out to be 


Thus, metallic hydrogen may possibly exist between densities 0.66 and 1.12 X 10’, al- 
though a third criterion for the upper limit may serve to shorten the range. This third 


3 Phys. Rev., 43, 804, 1933; 46, 509, 1934. 
4 Proc. R. Soc., A, 162, 521, 1937. 
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criterion is based on the problematic reaction of one proton with its neighbor to form 
deuterium with the disappearance of one electron. A more complete discussion of the 


process will be taken up in Section III. 
II 


The upper limit of pressure corresponding to equation (4) is® 2.7 X 10!8 atm. The 
lower limit is at least 2.5 X 10°atm. Although the pressures in the central regions of the 
earth are within this range, there is almost certainly no large quantity of free hydrogen. 
The closest astronomical bodies that probably contain free hydrogen are the giant plan- 
ets.® Jupiter, Saturn, Uranus, and Neptune have mean densities of the order of one-fifth 
that of the terrestrial planets. In addition, the giant planets have radii of gyration very 
nearly equal to 0.24 the squares of their real radii, as compared with 0.40 for a homo- 
geneous sphere.’ These facts, low density and low moments of inertia, are interpreted 
as evidence for the retention of hydrogen by the giant planets, the hydrogen remaining 
in the outer shells. We shall apply the theory of dense hydrogen to show that the hydro- 
gen content of these planets is probably much greater than hitherto supposed. 

An attempt to account for the low moment of inertia of Jupiter by assuming that the 
planet is made of three spherical shells of constant density has been made by Wildt.’ 
The density of the outer layer was taken to be 0.35; of the intermediate layer, 1.00; and 
of the inner core, 5.50. The mean density and the radius of gyration then serve to de- 
termine the radii at which the surfaces of these shells lie. In Jupiter the first discontinuity 
is then found at 0.855 the equatorial radius (and at a pressure of 9.7 X 10° atm.), and the 
second at 0.494 the radius (at 1.4 X 107 atm.). Wildt assumes the outer layer to be 
hydrogen and the intermediate one to be water. On the other hand, the density of hydro- 
gen as estimated from the degenerate gas formulae® would be about unity at 10? atm., 
and it is near 0.7 at 3 X 10°atm., so that the intermediate layer in Wildt’s model might 
just as well be composed of hydrogen. The three-shell approximation thus provides an 
indication that a large part of Jupiter may be made of hydrogen which is at pressures 
favorable to the formation of the metallic phase. Similar conclusions are reached for the 
composition of Saturn. A more refined model would be justified if we knew the com- 
pressibility of hydrogen throughout the whole range of pressures involved and if we 
knew the temperature gradient. 

A model of the giant planets that includes a shell of metallic hydrogen can be stable 
only if the conductivity of the metal is sufficiently high. The condition on the conductiv- 
ity is that the rise in temperature necessary to remove the heat developed in the core 
from radioactivity should not increase the temperature above the melting-point of the 
lattice. Assuming that the fluid hydrogen of the surface regions is an efficient cooling 
device, the amount of heat that can be transferred through the metal without the tem- 
perature’s rising above 7'y at the high-pressure end can be estimated. 

The thermal conductivity of the H lattice is calculated in accordance with the theory 
of A. Sommerfeld and H. A. Bethe,* using the wave functions of electrons determined by 
Wigner and Huntington.? At temperatures between 0 and 7 each lattice point presents 
a cross-section to the conduction electrons which is proportional to the square of the 
proton’s amplitude of vibration, X*. Since the forces are harmonic, an average value of 


X? is given by 
kT h?T 
(5) 


X?= = : 
Myo mMykO? 


5 Chandrasekhar, op. cit., chap. x. 

6 The importance of hydrogen-in the structure of the giant planets was first pointed out by D. H. 
Menzel, Pub. A.S.P., 42, 228, 1930. 

7 A discussion of the constitution of the planets is given by Wildt, Proc. Amer. Phil. Soc., 81, 135, 1939. 


8 Handb. d. Phys., 24, Part IT, 333. 
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The effectiveness of the coupling between electron and proton, however, decreases rapidly 
as the electron waves become more like plane waves (e.g., as the density is increased). 
In the usual way* we write the electronic wave function belonging to the momentum 
p as the product of two factors 


op (x) = D/hy , (6) 
the xp (x) having the periodicity of the lattice and determining the modulation of the 
plane waves. According to the theory of Sommerfeld and Bethe,’ the quantity 


h2 
=5— \grad xy (x) (7) 


determines the coupling between electron and proton through the ratio of C to the Fermi 
energy ¢. The quantity C is calculated from the largest contributing term in a series 
expansion of x,/(x); p’ is the maximum momentum in the degenerate electron gas. 


~ 0.557712 (309 — 677, + 1.892) 
(8) 


We use the entire second term in equation (8). The result in Rydberg units (13.56 e.v.) 
is, in good approximation, 


C=0.19(1—0.187,)-2, ¢=2.217r7", 
| 
= 0.0074r5 (1 —0.187,) 


x | 20.2 - 0.667, + 


(9) 


We apply the equations (36.8) and (36.14) of Sommerfeld and Bethe,* and relations for 
n and 6 to determine the mean free path of an electron 


pa = 16 e? 2 (10) 
Substituting equation (10) for / in Sommerfeld’s expression for thermal conductivity, d, 
4? 
1 
9 Ah ($4) 


the final result as a function of p is 
107 p?(1 — 0.25 4 cal /deg-sec-cm . (12) 


When p = 1, 2 is thirty-four or almost forty times as good a conductor as silver under 
ordinary conditions. At p = 0.7, it is 14. Thus metallic hydrogen at densities which 
might be present in Jupiter is an exceptionally good thermal conductor. According to 
equations (3) and (1), the maximum temperature that can be tolerated at p = 1 is of 
the order of 10°°C. The radius of Jupiter is 7.2 X 10° cm, so that the maximum average 
thermal gradient in the intermediate layer is about 4 X 10-5 degrees per centimeter; this 
is sufficient to carry away 140 X 10~® cal/cm*-sec from the surface of the core if we 
assume p = 1. 

The earth may be producing enough heat from its radioactive ingredients to supply 
an outward flow at its surface of 10~* cal/cm?-sec. If the proportion by weight of radio- 
active material is the same in the core of Jupiter as in the earth, the flux of heat at the 


| 
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surface of the core would be 5 X 10~° cal/cm*-sec. This flux is less than the above esti- 
mate for the maximum flux by a factor 30. We conclude, therefore, that the conductivity 
of the H lattice is sufficient to permit its existence in the intermediate layers of the giant 
planets. Since the outer layers of Jupiter are not pure hydrogen, however, some im- 
purities might be expected in the lattice, and the conductivity will be smaller than that 
predicted by equation (12). 


Ill 


In this section some of the properties of a sphere of pure hydrogen will be calculated. 
Such spheres are of possible interest in the study of the evolution of stars and the forma- 
tion of the chemical elements. We have already seen that hydrogen is unstable against 
electron capture to form neutrons at a density of 1.12 X 107. If it is assumed that a 
sphere of hydrogen would ultimately settle down into a degenerate electron gas, this in- 
stability places an upper limit on the mass which can be contained in the sphere. Koth- 
ari‘ has shown that this limit is four times the mass of the sun. 

Another possible nuclear reaction in which hydrogen might take part is® 


and the importance of the reaction in gaseous stars has been estimated. In a very dense 
body, however, reaction (13) should proceed even at absolute zero because the zero- 
point motion of the protons brings them close enough together. W. A. Wildhack!® has 
determined the rate of energy production in dense hydrogen resulting from reaction (13). 
It was assumed that the 6-transition that takes place is “‘allowed,” so that the decay 
constant can be calculated from observed 6-decays of the allowed type. There are the- 
oretical indications that reaction (13) is allowed; but it is not a laboratory reaction, and 
it is really uncertain. If, for example, we find that the nature of 8-decay makes its half- 
life strongly dependent upon the velocity of the decaying particles, reaction (13) would 
become highly improbable. Since the time Wildhack made his calculations, the inter- 
action constant for allowed transitions has been found to be five times larger than then 
believed. A rough representation of Wildhack’s results, corrected by a factor 5, in the 
density range 10°-10° is 


«= 2.9X erg/gm-sec . 


It is apparent that at densities a little over 10° the energy production becomes of the 
magnitude found in stars. In fact, € increases so rapidly with p that the central density 
of the hydrogen sphere could not be much above 10° without the sphere’s producing as 
much energy as our sun. In the latter event we are quite sure the stable configuration 
is the gaseous one and not the degenerate one. 

An upper limit of about 10° for the central density of hydrogen is made more certain 
by the fact that the above e was calculated for positron (e+) emission alone. Another 
form of reaction (13) involves the absorption of one of the electrons! of the degenerate 
gas. Then +e? is formally replaced by —e~ in equation (13). The emission of a positron 
and the absorption of an electron are quite similar processes, and in the usual interpreta- 
tion positron emission is simply the absorption of an electron from a negative kinetic- 


9H. A. Bethe and C. Critchfield, Phys. Rev., 54, 248, 1938. 
10 Phys. Rev., 57, 81, 1940. 


1! The importance of this additional process was first pointed out to me by Professor Teller, who has 
also made the interesting remark that the absorption process is much more difficult to “forbid” by 
postulating a finite mass for the neutrino which is emitted in the transition. Cf. J. R. Oppenheimer, 
Phys. Rev., 59, 908, 1941. In fact, absorption of the conduction electrons can be completely forbidden 
only if the neutrino mass is larger than that of the electron. 
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energy state. Considering the negative energy states alone, the 8-transition probability 
is proportional to the expression 


I- = E(B- 1) (w —E)2dE 


_ (w? — (2wt — — 8) 
60 


where w is the energy released in the reaction in units of mc?. The above value of e is 
proportional to J~. In addition, electrons may be absorbed from positive energy states 
that range from E = 1 to Emax/mc? = u in the degenerate gas. The corresponding inte- 
gral for these states of the electrons is 


(14) 
+ }w In [w+ (w*—1) 44] , 


It= fee ~1)"2(w+E)2dE 


— + 30wu3 + 12u4 — 20w? — 15wu —4u?—8) (15) 
60 


—iwlIn[wt+ ) 


In reaction (13), w = 1.8. From numerical evaluation of 7+ for various values of u 
corresponding to different densities I find that /+/J~ = 2.3 X 10~° is a usable repre- 
sentation of the ratio of J+ to J~. The finally corrected value for ¢€ is then 


«= 2.9X 10-4(1+2.3 X 10-5p) (16) 


if the 8-transition is allowed. A central density of 10° leads to the production of 0.2 
erg/gm-sec, which is of the order of one hundred times the average energy production in 
a white dwarf and only one-tenth the average produced in our sun. This is probably near 
the maximum that is consistent with a degenerate configuration. According to the work 
of Chandrasekhar,’ a mass of 0.88Mo@ has a central density of 1.23 X 10°. 


TABLE 1 
CURIE POINTS 
logio p logio logio p logio 


The limiting central density, and hence the limiting mass, of degenerate hydrogen 
will be raised if reaction (13) is a forbidden §-transition. Only an extremely weak reac- 
tion, 10-" as probable as an allowed transition, would permit the density’s becoming 
so great that neutron formation would be of importance. There is a limited possibility 
that e can be decreased in dense hydrogen even though the reaction is ‘‘allowed.’”’ If the 
interior of a mass of hydrogen is sufficiently cool, the protons in the very dense regions 
should tend to keep their spins parallel for the same reason that the d electrons in iron 
atoms do so. In other words, the protons might prefer a “ferromagnetic” state. The 
benefit of such a state is the lower coulomb energy of neighboring protons, i.e., they stay 
farther apart; and this would entail a smaller yield from equation (13). In addition, the 
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parity of a state of two protons with parallel spins is odd, whereas the parity of the 
deuteron is even; the reaction would then be forbidden and the probability reduced still 
further." Equation (16) is derived on the assumption that the protons come together in 
a 'S state, but in the ferromagnetic state most protons would come together in the *P 
state. 

The curie point of the hydrogen nuclei can be obtained as a function of the density 
from W. Heisenberg’s theory of ferromagnetism.'* I have carried out the calculation in 
first approximation, using the wave functions of the three-dimensional harmonic oscil- 
lator for the protons. The details of the method are omitted, but the estimates of the 
curie temperatures which were obtained for several densities are presented in Table 1. 
The results indicate that ferromagnetism plays no role in luminous bodies and only a 
very limited one in cold bodies. For hydrogen to be ferromagnetic at a density of 10° 
the temperature would have to be below 100° K. Above a density of 4 X 10° the esti- 
mates predict no ferromagnetism. 


IV 


Although a pure hydrogen star model is of no interest as a pattern for a stable star, 
an abundance of the element in the outer layers of superdense stars would have impor- 
tant consequences. We shall postulate a model for white dwarfs in which the hydrogen 
is separated from and floating on the heavier elements analogous to that discussed in 
Section II for the giant planets. The stability of such a model against circulatory motions 
which arise in a rotating star is a difficult point, and no attempt will be made to settle 
it here. It is conceivable that the energy source in such a model is at the interface of the 
two regions, hydrogen rind and heavy core, and that circulation is restricted to the rind. 
It may not be too far from probability to suppose that circulation aids the evolutionary 
process by which the separation is accomplished. Furthermore, there is a distinct pos- 
sibility that a gaseous star is unable to consume the hydrogen which is located at large 
radii!‘ in thermonuclear processes. This gives a head start to the separation of elements. 
Laying questions of evolution aside, however, we shall determine some of the properties 
of the separated model. 

The advantage of the separated model over the uniformly mixed one is that hydrogen 
is excluded from the central regions, where it would lead to catastrophic energy produc- 
tion'®'6!7 in thermonuclear processes. The chief reason for the stability of the model is, 
of course, the low density of hydrogen in comparison with all other elements. An atom 
of atomic number Z occupies the same space in the degenerate gas as Z hydrogen atoms 
and weighs roughly twice as much. If A be the atomic weight of the element Z, the 
effective potential acting on the nucleus immersed in hydrogen is 


(17) 


r 


where r is the radius at which the nucleus is located and M, is the mass included within r. 
The mass M, may be expressed in terms of the average density p of the sphere described 


12 This statement is valid only if the most probable 8-transitions involve no change in parity, a point 
which is not definitely settled at this time. 

13 Zs. f. Phys., 49, 619, 1928. 

14 This possibility has been suggested to me by Professor Chandrasekhar in a conversation. 

18 A. S. Eddington, M.N., 99,595, 1939. 

16 G. Gamow, Phys. Rev., 55, 718, 1939. 

17R, E. Marshak, Ap. J., 92, 321, 1940. 
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by r and the force on the nucleus calculated on the assumption that p does not vary 
appreciably becomes 


A high temperature (e.g., ~ 10”) at the boundary of the heavy core will not have a very 
large effect. Setting the energy of displacement from the boundary, F-dr, equal to k7, 
we get 

kT 


F (18) 


dr= 


A fair estimate of rp at the boundary would be 10'*. The relation between dr and T for 
carbon, A — Z = 6, then becomes dr = 2.5 T cm, which is small compared with the 
radius of the usual white dwarf even at 107°C. 

In addition to the gravitational effect, there is an electrostatic one. The electrostatic 
energy of Z electrons in the field of one nucleus of charge Z is lower than in the field of 
Z protons. The magnitude of the coulomb energy has been calculated by several authors 
(Sommerfeld in n. 1, for one) and found to be small, compared with gravitational and 
pressure energy. Since the gravitational forces decrease with radius, there may be a 
radius at which they are no larger than the electric forces; and it is of importance to the 
stability of the separated model that these forces act in the same direction, i.e., toward 
further separation. 

A surface region of pure hydrogen, such as would occur in the separated model, 
should be particularly transparent because the ionization energy of the atom is rather 
high. We shall show that, in spite of the greater transparency, the internal tempera- 
tures of stars built on this model should be practically the same as in a uniformly mixed 
model. The internal temperature of the latter model has been shown to be of the order 
of 107°C by Kothari! and by Marshak.!’ There is no doubt that in the un-ionized re- 
gions hydrogen is far more transparent than the usual stellar atmosphere. Unfortunately, 
however, as soon as the temperature rises enough to produce an appreciable number of 
free electrons, the opacity of hydrogen rises to one-sixth that of an ionized Russell mix- 
ture. The resulting internal temperature will then be of the same order of magnitude as 
107°C, as shown by a similar calculation made for helium by Marshak.'® It may be con- 
cluded that stars with atomic hydrogen alone on their surface will not be much cooler 
inside than others. 

The question still remains as to whether molecular hydrogen will be formed under 
pressure before the rapid rise in temperature which eventually takes place in atomic 
hydrogen sets in. If the molecular phase is formed where the atomic phase is trans- 
parent, the opacity of the outer surface of the star model should be very low. A light 
quantum might then escape from regions of incipient degeneracy without going through 
an ionized layer; and the internal temperature might then be extremely low. Let us take 
as a necessary (probably not sufficient) condition for realization of such a model that the 
optical depth of the boundary between atomic and molecular hydrogen is 3. Using Saha’s 
equation for the dissociation of H2, we find the relation between the total pressure, P*, 
and the temperature at which the number of molecules is just equal to the number of 


atoms to be 
P* = 7.45 X 1047/2 ¢—52,000/7 | (19) 


18 M.N., 93, 61, 1932. 
19 Ap. J., 92, 346, 1940. 
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Equation (19) defines, for our purpose, the boundary of the layer of molecular hydrogen 
which, say, lies at R*. 

The optical depth is related to the number of atoms per cubic centimeter, , and the 
cross-section per atom for absorption, a, by 


T= |,,nodr. (20) 


Since radiation pressure may be neglected in white dwarfs, the integral over r in equa- 
tion (20) may be replaced by an integral over P through the relation 


dP = —GM,pr-tdr= (21) 


The approximate form of dP is good enough for our purpose, since everything happens 
near the surface at R*. 

If the surface temperature of the model is below 104°C, the absorption of radiation 
by atoms in triple collisions turns out to be much greater®® than the ordinazy absorption 
processes in hydrogen, neutral or ionized. A ‘‘triple collision’’ will be defined to mean 
that two atoms have their centers within 10~* cm of the third. The probability of such 
an event is roughly (4 X 10~*4n)*. The cross-section for absorption during the collision 
is almost certainly greater than the usual atomic absorption coefficient, ~ 10-'cm?. An — 
estimate of the cross-section is then 


—24 2 


Combining equations (20), (21), and (22) with the condition that tr = 3, we get another 
relation between P* and T which must be satisfied in our model: 


1 R*2 


T 


10-P°7-24P (23) 


The temperature is just the surface temperature and may be considered to be constant. 
If we now substitute for P* from equation (19), we get a condition which must be satis- 
fied by T in order that the optical depth of the surface of molecular hydrogen be 3: 


3.63 X 10"GM my 
R® 


From the constants for Sirius B, M = 1.95 X 1083, R* = 1.56 X 10°, we find the 
right-hand side of equation (24) to be 32 and the maximum surface temperature 3500° C. 
The rough estimates made concerning 7 and o do not have a decisive bearing on the re- 
sult. For example, if the combined error in these quantities amounted to a factor 10 
in equation (23), T would be in error by about 16 per cent. It appears safe to say that 
none of the observed luminous bodies have remarkably cool interiors. 

The chief difference in temperature between separated and uniformly mixed models 
appears to be restricted to the gaseous fringe. There the rise in temperature in the hydro- 
gen alone should be slower at first if the surface temperature is below 10* degrees. At 
some depth, however, the temperatures in the two models become about the same. 
This means that in a certain zone the temperature gradient in the hydrogen is probably 


(24) 


T 11/2 @—156,000/T — 


20 The probable importance of triple collisions in this respect was pointed out to me by Professor 
Wigner. 
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much higher than in the mixed gas. An upper limit to the temperature gradient is set 
by convection. In the calculations for the mixed gas!’ this upper limit is never reached, 
but it might easily be reached in hydrogen in the above-mentioned zone. Thus a possible 
distinction between the two models may be evidenced in the transport of energy by 
convection near the surface of the white dwarf in case the surface is practically pure 


hydrogen. 


A large part of the work reported in this paper was done while holding a National Re- 
search Fellowship at Princeton University. I should like to thank Professors Russell and 
Wigner for many helpful conversations about the problem. I am grateful, too, to those 
whose specific suggestions have been indicated in the paper. 
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SPECTRAL STRUCTURE AND IONIZATION 
POTENTIAL OF GADOLINIUM I* 


HENRY Norris Russet! 


ABSTRACT 


The anticipated terms of multiplicity 11, "P!'D"F (combining with a higher "D®), and also slightly 
higher *D° and °S°.terms have been identified in Gd 1. From these, the first ionization potential is found 
to be 6.16 volts. Albertson’s conclusion that the lowest configuration in Gd 11 is 4f76s5d!°D° is confirmed. 
The terms 4f"6s? *S® probably lies about 0.5 volts higher. 


Gadolinium is one of those rare earths in which a 5d electron is present in the ground 
state. For Gd 1 the ground state? is 4f76s5da!°D°. The addition of a 6s electron gives 
the ground state a*D® of Gd1;* that of 7p or 7s should give terms of multiplicity 11— 
the only ones which are likely to be easily observable in any spectrum. Dr. Albertson, 
some time ago, generously suggested that the writer should seek for these. With the 
aid of unpublished observations of wave length and temperature class by Dr. A. S. King, 
the identification of these terms was not difficult; but little further progress has been 
made in the analysis of this complicated spectrum except in identifying numerous levels 
combining with the ground state, of which 190 have now been listed. 


TABLE 1 
TERMS OF Gd I 


0.00 | 31907.04 | 32957.68 | eS? 34719.07 
215.12 | e"D? 32176.45 | 33195.21 

aD? «532.99 | e"D? 32547.70 | 33534.67 
aD: 999.14 | e'Dg 33061.54 | 34044.24 
aDg 1719.09 | e"D? 33804.54 | 34754.95 


z'F,  14036.02 | 16061.34 | 13433.73 
 14298.29 | =16196.22 | 2P, 13926.31 
14669.12 | 16885.76 | 15665.40 
15174.02 | 117319.01 
15852.30 | 18014.51 | 2D, 17749.96 
mF, 2D; 17795.23 
| z'P, 16824.63 | 17930.51 
z'P,  20160.13 | 18070.27 


The terms 7p"P"D"F are among the lowest of these and combine with a°D° to give 
lines greatly strengthened in the furnace. A term z°P, including the lowest lines of all, 
and a higher *D give lines strong in arc and furnace. The "D° and *D® terms from 
('°D°)7s combine with these to give lines of temperature classes IV and V. Another 
high term, which combines strongly with z*P and weakly with the rest, can be attributed 
only to 4f76s?7s°S°. 

These terms and the multiplets resulting from them are in Tables 1 and 2. Lines not 
observed are omitted, but those masked by others are included. 

* Contributions from the Mount Wilson Observatory, Carnegie Institution of Washington, No. 663. 

1 Research Associate of the Carnegie Institution of Washington. 

? Albertson, Bruynes, and Hanau, Phys. Rev., 57, 292, 1940. 

3 W. E. Albertson, Phys. Rev., 47, 370, 1935. 
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TABLE 2 
MULTIPLETS OF Gd I 
AIA in. EC Weve Combination MIA mt. “EL wore Combination 
6991.92...) 1500 I | 14298.29 2-3 6203.61...| 20 IV | 16115.22 34 
6916.57...| 2000 I | 14454.05 3-4 6114.07... 2000 I* | 16351.19 4-5 
6828.25...| 1500 I | 14641.00 4-5 6180.42... (300) IV} | 16175.64 5-6 
6730.73...| 1500 I | 14853.14 5-6 6064.24... 8 IV | 16485.56 6-7 
6640.08...) 300 ITA} 15055.91 6-7 6309.11...) (40) VEf) 15845.74 3-3 
7122.57...| 800 IA| 14036.02 2-2 6256.00.... 8 V_ | 15980.24 4-4 
7098.73...| 80 ILA | 14083.16 3-3 6350.46.... 10 IV. | 15742.55 6-6 
7072.12...) (1 V)_ | 14136.14 4-4 6331.35.... 150 IV | 15790.06 7-7 
7052.79...| 80 14174.87 5-5 6363.23...) 20 IV | 15710.95 4-3 
7073.63...| 250 14133.12 6-6 6538.15..., 300 IV | 15290.62 5-4 
7233.45...| 100 II A| 13820.86 3-2 6564.78...) 500 IV | 15228.60 6-5 
7262.66...) 125 IL A| 13765.27 43 6643.98...) 150 IV | 15047.07 7-6 
7313.28...| 50 ILA| 13669.98 54 ||— | 
7430.19...| 15 13454.91 6-5 
| 6358.26... 1 IV | 15723.23 4-5 
wD°—2D || 7385.62... 2 13536. 11 5-6 
6224.41...) 40 16061.34 2-3 7327.07.... IV | 13644. 28 6-7 
6255.72...| 25 ILA | 15980.96 3-4 6512.08... IV | 15351.84 44 
6113.48...) 2 16352.78 4-5 7677.16...) 8 | 1302206 5-5 
6125.81...| 5 IILA| 16319.86 5-6 7748.96.... 5 | 12901.41 6-6 
6135.02...) 15 ILA | 16295.36 6-7 6628.43...) 40 IV | 15082.37 4-3 
6308.95... 5 ILA| 15846.12 3-3 7902.31...) 20 | 12651.06 5-4 
6382.69...) 4 IITA} 15663.05 44 
92.87...; 50 ILA| 15886.62 
60 15599.85 ie 7441.85...| 200 I 13433 .82 2-3 
6438.07... 2 IIL A| 15528 32 4-3 7291.35... 30 HA) 3-4 
6578.49... 5 ILA| 15196.87 5-4 : 
| 6816.49...) 150 IT A| 14666 22 5-5 
|| 7749-26...] 400 12900.91 4-3 
5263.81...| 100 A| 18992.37| 45 || 
5217.48...| 400 ITA 19161.02 5-6 | 
6136.41...| 25 ILA| 16291.6 44 7795 ¥ 
5396.30...) (8 IV) | 18526.08 5-5 
5421.19...| 200 IT A| 18441.05 66 | 5696 8000 I. | 17550 64 15 
6317.19...| 80 ILA| 15825.46 5-4 || 4000 14 5-6 
5614.45...) 125 III A| 17806.28 6-5 || 2500 | 17749.98 
‘| 5686.66...) 100 III A | 17580.15 3-3 
z"F—e"D° 5746.36..., 1000 I A| 17397.51 44 
5594.13...| 500 IV | 17870.93 2-3 | 5851.63.... 5000 I | 17084.53 5-5 
5591.85...| 1000 IV | 17878.22 3-4 6114.07... 2000 I | 16351.19 6-6 
5591.85...| 1000 IV | 17878.22 4-5 || $701.35...| 2500 | 17534.85 3-2 
5588.95... 100 IV | 17887.49 5-6 || 5791.38..., 4000 | 17262.27 4-3 
5568.80...; 10 V_ | 17952.22 6-7 | 5904.56.... 800 16931.38 5-4 
5677.45...| 200 | 17608.66 3-3 6109.07... 80 TA} 16364.58 6-5 
5710.32...| 200 IV | 17507.31 44 || 
5754.17...) 250 III | 17373.89 5-5 || | — 
5809.22...| 300 IV | 17209.25 6-6 | 4696.77.... 10 IV | 21285.29 3-4 
5870.58... 50 | 17029.38 7-7 4808.01.... 30 IV | 20792.86 44 
5799.65...) 20 IV* | 17237.65 4-3 || 5246.87...| 250 IV | 19053. 70 5-4 
5879.89... 10 IV | 17002.42 $4 | 
5988.02...) 5 IV | 16695.40| 65 || 
6138.34.... 40 | 16286.55 7-6 | 4986.19...) 20 V_ | 20049.86 4-4 
6289.68...) (200) IIIt | 15894.68 8-7 || 5114.92...) 2 V_ | 19545.22 5-4 


* Blend with arc line. t Blend with spark line. 


| 
| 
| 
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TABLE 2—Continued 


NIA Int. T.C. NIA Int. T.C. Combination 
—e9S° 2D—e'D° 
5605.93...) 30 IV? | 17833.33| 5-4 6472.70...) 25 IV | 15445.24| 2-3 
6351.72..| 12 IV | 15730.41| 3-4 
| 5996.66...] IV 1671.34 5-6 
6573.80... Iv | 15207.71| 2-2 
6263.81... 10 IV* | 1596032] 5-5 
_enp» || 3991.84...) 10 IV | 1684.75] 6-6 
5411.74...| 6 IV | 18473.23| 3-3 25... 
6470.29..| 30 IV | 15451.00| 5-4 


6258.45...| 30 IV 15973 .99 6-5 


6674.70 14977 .83 5-6 
6353.83 4 IV | 15734.20 6-7 5357.79...| 50 V_ | 18659.24 3-2 
6668.74 1 V__ | 14991 .23 6-6 5396.30...) 8 IV | 18526.08 4-3 
7152.95 5 VE?) 13976.40 4-3 5444.94...| 10 V_ | 18360.59 5-4 
7093 .90 25 14092 .74 5-4 5495.40... 15 V_ | 18191.99 6-5 
6905 . 50 40 V_ | 14477.22 6-5 5560.20...| 6 V_ | 17979.98 7-6 

5058.95...) 4 IVA| 19761.45 3-3 5594.67.... 8 V_ | 17869.20 5-6 
5098.38...| 400 VEt| 1960862 44 
5439.54... 20 V_ | 18378.81 5-5 
5120.50...| 8 V_ | 19523.92 3-2 6885.7....| 4 | 14518.8 5-5 
5188.23...| 2 V_ | 19269.04 43 6849.89...| 30 V_ | 14594.76 6-6 
5594.67...| 8 V_ | 17869.20 5-4 7136.15...) 4 V_ | 14009.33 5-4 


The terms e!'D®, e®D® are in series with a®D®, with limit a!"D° of The fre- 
quency differences of the components of these terms from the lowest in each are: 


533 999 1719 
oe 263 641 1154 1897 
. | 238 577 1087 1797 
| 262 633 1159 1935 


TABLE 3 
TERM VALUES IN Eu I AND GdI 
ELECTRON 
SPECTRUM 6s 7s 
n* n* An* 
1.549 2.542 0.993 
2.601 1.052 
1.483 2.470 0.987 
2.545 1.062 
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Each component has clearly the corresponding component of a!°D° as limit; the low- 
est is a!°D§. Its position may best be found by assuming that the differences An* in the 
Rydberg denominator are the same as for the corresponding terms a*S°, e!°S°, e8S° in 
Eutt, for which the values are closely determined by longer series.* With the limit 
49,700 in Gd 1 the values for the terms are in Table 3. This corresponds to an ionization 
potential of 6.16 volts from a®D$ to a!°D}, with an uncertainty probably not exceed- 
ing 0.03 volts. 

The value for Eu1 is 5.64 volts. The addition of a 5d electron to the structure in- 
creases the ionization potential by 0.52 volts. The corresponding difference between 
Catand Sct is 0.48 volts. 

The possibility that the undiscovered 4f76s? 8S° term in Gd 11 lies lower than a!°D° 
appears to be excluded by the fact that e®S{ in Gd 1 lies 3.810 cm above e!D§. The dif- 
ference of the limits should be of the same order. 


Hearty thanks are due to Dr. King for communicating his very extensive list of lines 
and to Dr. Albertson for unpublished notes on the analysis of the spectrum. 
CARNEGIE INSTITUTION OF WASHINGTON 


Mount WILSON OBSERVATORY 
March 24, 1942 


4 Mt. W. Contr., No. 611; Ap. J., 90, 155, 1939. 


DISCOVERY AND OBSERVATIONS OF STARS OF CLASS Be 
THIRD PAPER* 


Pau W. MERRILL, Cora G. BURWELL, AND WILLIAM C. MILLER 


ABSTRACT 


Table 1 lists 86 bright-line stars recently discovered at Mount Wilson by means of photographs of 
the Ha line obtained with the objective prism. The spectra were classified from slit spectrograms of the 
blue-violet region. Brief descriptions of a few interesting spectra are included in the notes. Table 2 lists 
41 additional stars having the Ha line bright on objective-prism photographs. : 


Two previous lists' of newly discovered bright-line stars included 233 objects, while 
notices of several additional stars found at Mount Wilson were first published in the 
“Catalogue and Bibliography of Stars of Classes B and A Whose Spectra Have Bright 
Hydrogen Lines.’’? The numbers in the ‘‘Catalogue” have the designation MWC; those 
in the discovery lists MW or (in the present list) Mt.W. It is hoped that these somewhat 
similar abbreviations will not cause confusion. The “‘Catalogue’”’ numbers, MWC, when 
available, should of course be used in preference to the discovery. numbers. 

Table 1 lists 86 bright-line stars, mostly of class B, discovered at Mount Wilson since 
March, 1933. The Ha line in the spectrum of each star was found to be bright on one or 
more objective-prism spectrograms taken with the 10-inch telescope. The blue-violet 
portion of the spectrum was later photographed with a slit spectrograph (dispersion 35 
or 65 A/mm at Hy) attached to one of the large reflectors; if H8 did not appear definitely 
bright, a supplementary slit spectrogram of the red region was usually obtained to con- 
firm the presence of bright Ha. Table 1 records for each star (1) the date of the first 
objective-prism photograph showing Ha to be bright; (2) the date of the ast slit spectro- 
gram. Many additional objective-prism photographs and a few slit spectrograms were 
obtained between the two dates. 

Interstellar H and K are visible in the spectra of most of the stars. The estimated in- 
tensities are given in the seventh column by one of three symbols: W, weak; M, medium 
or well marked; S, strong. Leaders indicate no observation. A comparison of the esti- 
mates with the probable distances of the stars reveals a number of irregularities. Some, 
but not all, of these irregularities may be ascribed to differences in galactic latitude. An 
extensive field of investigation is presented by the behavior of interstellar lines in faint 
Stars. 

The Ha line appears to be bright on objective-prism photographs of the stars listed in 
Table 2. Confirmation by slit spectrograms has not been obtained. The identification of 


the last two stars is uncertain. 


* Contributions from the Mount Wilson Observatory, Carnegie Institution of Washington, No. 664. 
1 Mt. W. Contr., Nos. 294, 456; Ap. J., 61, 389, 1925; 76, 156, 1932. 
2 Mt. W. Contr., No. 471; Ap. J., 78, 87, 1933. 
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DISCOVERY LIST OF STARS HAVING THE Ha LINE BRIGHT 


| 
TABLE 1 | 
| 
| 


nter- bjective 
a *- Star a 1900 6 1900 Mag. Spectrum | stellar | —Prism Slit Spec- 

H, K Photo. 

JD 242 
JD 242 

.... BD +57°50 +57° 20’ 9.4 | B3ne M* | 9208 | 9882 | 
ee BD +61°154 37.5 +61 22 9.5 | Beq |...... 9208 | 9889 | 
8... ... BD +59°250 120.8 | +59 36 9.5 | Be |...... 9209 | 9891 
See BD +60°325 38.4 | +60 37 9.5 B2e M | 9209 | 0237t 
ns. 2 HD 232534 42.2 +50 37 96 | Ble S | 9607 | 9916 
OR Rater te. 48.6 | +60 37 10.5 B(O)e M | 9209 | 9916 
a , BD +55°441 49.4 +56 4 94 | Ble S | 6274 | 9508 
50.1 +57 11 10 BOe S | 9215 | 9882 
TE ee ee 51.6 | +60 9 | 10 BOe M | 9215 | 9899 | 
8... HD 232951 58.0 +55 47 8.9 | BOne M | 9209 | 9508 
RE ieee: 2 4.5 +57 27 10.5 BO)ne | M | 9215 | 9867 
—..... HD 13429 6.2 +54 39 90 | B5ne M | 9209 | 9540 
94 | +59 19 10 B(3)e |...... 9215 | 9891 
a HD 13867 10.0 | +49 22 7.5 B8e 2 | 9607 | 9953 
248..... BD +56°473 10.0 | +56 40 8.7 B3e M | 9209 | 9891 
249..... HD 13890 10.2 +56 19 8.9 | Be S | 9209 | 9923 
250,.... BD +56°484 10.7 +56 26 91 B@)ne | M | 6274 | 9542 
a... BD +56°548 13.6 | +56 40 92 B2e M | 9209 | 9922 | 
—..... BD +55°589 13.9 +55 56 9.5 | B(2)ne| S | 9209 | 9882 
15.7 +56 30 10.3 B(O)ne | S | 9209 | 9883 
16.3 +56 51 10 B(O)ne | S | 9209 | 9916 
17.6 +56 55 10 | M | 9209 | 9882 
2. .... BD +62°457 37.7 +62 22 92 Bne M | 6274 | 0309 
a... HD 20097 3 47 +49 30 84 | B9nea | W | 9215 | 9567 
46.8 +46 36 98 BOne M | 6333 | 9916 
ee HD 232925 4 33 +50 36 8.9 | B8e M | 9007 | 9922 
US Sea Ree? 32.0 +53 50 10.5 | B3e (W) | 9607 | 0335 
262..... HD 29332 32.1 +41 3 88 B3ne M \ 9201 9567 
ae BD +43°1050 39.2 +44 3 9.5 B2e M | 9201 9541 
MA. .... BD +43°1136 50.0 +43 5 93 B3e w | 9201 9562 
HD 31648 52.5 +29 41 A2e | 9064 | 0336 
54.1 +43 23 11.7 B(2)e |...... 9201 9917 
me... BD +41°1057 59.3 +41 38 92 B3ne |...... 6323 | 9275 | 
ae BD +35°1026 5 9.7 +35 17 88 B3ne ue | 9215 | 0009 
269..... HD 34507 129 | +44 32 88 | B8ne |...... 9201 | 9275 
0..... HD 35621 5 21.0 +31 19 8.4 | B5ne W | 9964 | 0061 
HD 36665 28.3 +27 59 8.0 BOne ue | 9963 | 0325 
72... BD +34°1113 30.1 +34 8 90 | Be Ww | 9964 | 0309 
HD 245546 31.6 +23 5 99 | B5ne W | 9963 | 0336 
274... HD 247331 40.2 +25 30 9.2 B2e w | 9963 | 0309 
ae HD 42908 6 83 + 8 44 8.5 B3e (W) | 9305 | 9540 
6. .... HD 45260 21.3 — 920 91 B3ne |...... 9292 | 9923 
ae HD 49992 46.0 — 5 13 92 | BO)ne| W | 9292 | 0009 
ae HD 50064 46.4 + 0 25 8.3 cB6e 2 | 9670 | 0326 


* The estimated intensities of the interstellar H and K lines are indicated as follows: W, weak; M, well marked; S, strong. 
+ For all JD numbers in this column beginning with 0, the preceding figures are 243. 
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TABLE 1—Continued 


First 
Inter- | Objective . 

Mt. Ww Star a 1900 6 1900 Mag. Spectrum | stellar| —Prism Slit Spec- 
No. H.K Photo. trogram 

™ JD 242 JD 242 

HD 55439 — 9°40’ 8.1 B2e (M) 9614 0325 
2800.3 HD 55606 8.5 — 154 8.7 B3ne M 9670 0009 
BD —15°1724 10.6 —15 10 9.5 Parte 9614 0309 
HD 58127 19.1 —13 54 B5ne W! 9614 0326 
BD —10°2073 —11 3 9.3 BO)ne |...... 9614 0336 
BD —11°2043 35.0 —12 2 9.6 B(O)ne M 9614 0006 
ye HD 62367 38.5 — 4 26 7.0 B5e W 9614 9736 
HD 62532 39.3 —17 42 8.6 Bae 9614 9717 
} re HD 86612 9 54.5 —23 28 6.1 BSe W 9362 0009 
Ba 6a HD 156831 17 14.6 —24 10 9.2 B8e ? 9460 0154 
HD 161004 38.0 —27 25 8.1 Béme 5064 0191 
| ee CD—24°13510 43.0 —24 12 9.4 B(O)ne |...... 5065 0189 
| BD —22°4494 Sac —22 15 9.4 B(O)ne |...... 9460 0188 
a HD 174571 18 46.0 + 8 35 8.4 Ee beoea 9482 0154 
| ; HD 186456 19 39.4 + 7 21 Pel B3ne M 9810 0191 
C2)” Ser HD 187350 44.4 — 121 8.7 B2e M 9866 0154 
oe BD +29°3863 57.0 +29 18 9.1 B5ne W 9879 0154 
BD +32°3749 97 +32 15 9.5 B(0)ne WwW 9544 9883 
) 3!) HD 235474 21 13.4 +52 4 8.7 B2e M 6247 0154 
ee BD +46°3264 14.8 +46 51 9.2 B2e WwW 9845 0237 
BD +43°3913 +44 1 8.4 B3ne M 5475 9882 
|) HD 235668 53.1 +51 6 8.0 B3e M 9467 9567 
303.....| BD +47°3656 +47 42 8.0 9467 9567 
Li, ae BD +49°3718 57.8 +49 41 8.9 B3e M 9467 9916 
305......) “HB 211835 22 14.9 +45 18 8.5 B2ne (M) 5915 9891 
. ae HD 212791 21.8 +51 56 8.2 B3ne M 9460 9892 
|) | re HD 213129 24.2 +46 57 8.6 B2ne WwW 9544 0191 
Ce HD 240010 34.6 +55 19 9.3 BOne a 9460 9882 
43.7 +56 45 9.4 B(O)ne S 9460 0237 
HD 221692 292 +56 41 8.6 B9ne (M) 9209 9567 
‘oe BD +59°2786 48.9 +59 49 9.3 Oe S 9209 0237 

Miscellaneous 

ae HD 37453 5 33.6 +30 2 8.2 CRae? heaves 9964 0061 
BD 59771 7 26.4 —18 2 9.1 9604 0010 
CD—23°12238 15 16.5 —23 16 12 9726 0188 
BD +7°3832 18 40.9 +7 6 9.4 Cree 9810 0188 
19 7.0 +16 42 10 WIN? 8803 9182 
| HD 207739 21 46.2 +43 29 8.5 9467 9828 
22: +47 17 il 5474 0130 

NOTES 
No 


235. BD+61°154. The spectrum bears a general resemblance to that of HD 51480 (Mt. W. Conir., No. 
295; Ap. J., 61, 418, 1925), but the bright lines of Fe m are more distinct, and other differences are 
present. The P Cygni character of the lines of H and of Ca 11 is well marked; the centers of the dark 
components of these lines are displaced about 2 A to the violet from their normal positions. The 
stronger bright lines of Fe 11 appear to have weak dark components on the violet edges. 

239. The preceding and brighter of two stars about halfway between BD+60°375 and 389. 


| | 
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240. 
241. 
242. 
244. 
245. 


246. 
247. 


265. 


272. 
278. 


279. 


285. 


295. 


297. 
300. 


P. W. MERRILL, C. G. BURWELL, AND W. C. MILLER 


a Bright Ha is intense, and bright components are seen in the other Balmer lines 
up to H¢. 

Slightly north of the line joining BD+56°387 and 392. Bright Ha is intense, and bright components 
are seen in the other Balmer lines up to He or H¢. 

About halfway between BD+59°367 and +60°402. The decrement of intensity of the bright Balmer 
lines is gradual. 

— — following of two faint stars near the center of the triangle formed by BD+57°507, 508, 
and 512. 

HD 13429. Bright Ha may have been less intense in 1930 than in 1938 and 1939. 

About 2’ north of BD+59°453. The preceding of two stars. 

HD 13867. The dark hydrogen lines are broad and strong; narrow bright components are centrally 
superposed on H8, Hy, Hé (possibly on He, Hg). Aside from the hydrogen lines, the spectrum re- 
sembles that of 8 Orionis, cB8. If HD 13867 isa c star, its distance modulus, not corrected for space 
absorption, would be about 12.5 mag., and the stellar H and K lines should be much strengthened by 
interstellar components. These lines, however, while sharp, are but little stronger than in 8 Orionis; 
hence the relative amounts of stellar and interstellar absorption are uncertain. The mean displace- 
ment of Hand K, —12 km/sec, compared with —5 km/sec from five lines of He 1, Siu, and Mg u, is 
not decisive but indicates at least a small amount of interstellar absorption. Perhaps weakness of 
interstellar H and K might be due to the relatively large galactic latitude, — 10°, but these lines are 
strong in HD 232534, a star some 10° away having the same latitude. If HD 13867 is not at a great 
distance and hence presumably not of high luminosity, the close resemblance of the spectral lines— 
excepting the hydrogen series—to those of 8 Orionis is remarkable. Perhaps the object deserves in- 
vestigation asa ‘‘false c star,”’ i.e., a star whose absolute magnitude is not abnormally high but whose 
dark-line spectrum, apparently produced at an unusually high level, imitates that of a c star; but 
the lines of Si 11 and Mg 1 are stronger than would be expected on this hypothesis. Possibly the 
star, while actually of high luminosity, is subject to considerable local obscuration. The spectrum, 
however, does not appear to be affected by high space-reddening. 


. BD+56°473. Bright Ha is of relatively low intensity. 

. HD 13890. Bright Ha is of relatively low intensity. HB has two very weak bright components. 

. About 3’ south of and slightly preceding BD+56°592. 

. South following BD+56°593 by about 5’. Makes a flat isosceles triangle with BD+56°591 and 593. 
. About 2’ north of and slightly preceding BD+56°607. 

. BD+62°457. Aside from bright 8 the stellar lines (in the blue-violet region) are very indistinct. 

. Follows BD+46°815 by about 4’. 

. HD 232925. The K line appears to consist of two sharp components, the stronger yielding the dis- 


placement +8 km/sec, the weaker —58 km/sec. The reality of the weaker component requires 
confirmation. 


. Precedes and makes a nearly equilateral triangle with BD+53°791 and 793. 

. Follows BD+53°791 by 2™; very slightly north. 

. BD+43°1050. The bright Balmer lines are seen up to HW¢. The decrement of intensity is gradual. 
. BD+43°1136. The dark hydrogen lines are broad, with very weak bright components at HS and Hy. 


Bright Ha is well marked. 

HD 31648. Remarkably similar in spectrum and apparent magnitude to the near-by star HD 31293 
(Mt. W. Contr., No. 462; Ap. J., 77, 103, 1933). The wave lengths of the dark cores of the hy- 
drogen lines change by 2 or 3 A. The K line is double on some plates. The spectrum will be de- 
scribed in more detail in a future Contribution. 


. South following BD+43°1161 by about 2’; a slightly brighter star (mag. 11.4, type G) lies between 


the two. The bright hydrogen lines are very strong. 


. HD 36665. The main component of interstellar K is narrow and strong. There may be a weaker 


component (perhaps stellar?) about 1 A to the violet. The observation requires confirmation. 
BD+34°1113. The bright Balmer lines are seen up to H¢. The decrement of intensity is gradual. 
HD 50064. The broad interstellar line near \ 4430 is well marked. In HD the spectral classifica- 
tion is B with the remark ‘‘Perhaps of Class Oe5.”” The spectrum has apparently changed; on the 
Mount Wilson plate it resembles that of 8 Orionis cB8 but is of slightly earlier type. 

HD 55439. The dark helium lines are very strong. 

HD 62367. The dark hydrogen lines are broad; narrow, bright components of low intensity are 
centrally superposed on H8 and Hy. The dark lines of Het and Mgt are narrow. H and K are 
surprisingly weak. Perhaps the object is a false c star. Several features of the spectrum resemble 
those of HD 13867. 

About 10’ (48%) preceding and slightly north of the double, BD+30°3819, 3824. The bright hydro- 
gen lines are outstanding, while numerous bright lines of Fe 1 are conspicuous. A few forbidden 
lines, [Fe m1], are present in relatively low intensity. The radial velocity derived from the bright 
lines is —3 km/sec. 

Six-tenths of the interval from BD+28°3601 to 3614. About 3’ south of a star of nearly the same 
brightness. The broad interstellar line \ 4430 is present. 

BD+46°3264. The broad interstellar line \ 4430 is well marked. 
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302. HD 235668. Bright Ha is well marked, but bright components:in the other hydrogen lines are weak 
or absent. 
307. HD 213129. Independently discovered by W. S. Adams from a slit spectrogram taken on JD 


2429502. 
309. About 2’ south following BD+56°2866. Aside from the bright hydrogen lines and interstellar H and 


K, the spectrum is nearly continuous. 
$12, 313, 315, 318. Pub. A.S.P., $4, 155, 1942. 
314, 317. Pub. A.S.P., 54, 107, 1942. 
316. Pub. A.S.P., 50, 350, 1938. 
319. Pub. A.S.P., 53, 245, 1941. 


TABLE 2 


STARS HAVING THE Ha LINE BRIGHT ON 
OBJECTIVE-PRISM PHOTOGRAPHS 


HD HD HD BD BD 
236970 47761* 56600 +60° 310 +35°1169 
242257 262741 56670 +55 521 + 21293 
250980 50696 57393 +56 579 —18 1948 
254329 50891 57775 +45 961 
256577 51193* 58055 +43 1048 
257366 53112 59094 +44 1072 

45901 54858 164703 +41 1026 CD 
46380* 55806 167402 +391135 (—25°12608) 
46484 55885 168331 +39 1204 (—32 13906) 


* Independently discovered by F. J. Neubauer, Pub. A.S.P., 47, 59, 1935. 


CARNEGIE INSTITUTION OF WASHINGTON 
Mount WILSON OBSERVATORY 
April 1942 


THEORETICAL LIGHT-CURVES OF CLOSE ECLIPSING SYSTEMS. II 
ZDENEK KopaL 


ABSTRACT 


The present note summarizes results of an investigation of theoretical light-curves due to eclipses of 
rotationally and tidally distorted stars whose surface brightness, apart from ordinary limb darkening, 
varies proportionally to the local gravity. Formulae are given which govern the variation of light be- 
tween eclipses as well as—under certain conditions—within minima. Their discussion shows, among 
other things, that assumptions conventionally associated with the rectification of light-curves of close 
eclipsing systems are not accurate to a higher approximation, and more appropriate procedures are 


developed. 
For a rigorous solution of the problem at issue the reader is referred to the writer’s forthcoming mem- 


oir in the Proceedings of the American Philosophical Society. 


1. In a paper published recently in this Journal' the effects upon light-curves of close 
eclipsing systems within minima which arise from the distortion of the eclipsing com- 
ponent have been investigated. The eclipsed star was then supposed to be spherical and 
to appear as a circular disk with uniform or radially symmetrical distribution of bright- 
ness, and the components were supposed to describe circular orbits. Results obtained 
in that communication are directly applicable to practical cases whenever the distortion 
of the component eclipsed at the time of deep: 1imum can be neglected—i.e., when- 
ever this component is much smaller or is much > more massive of the two. If, how- 
ever, as is likely to be the case in general, both con onents do not differ widely in masses 
or radii, their distortions will be of the same orc. .r of magnitude, and effects of both 
should be considered. In such a case the analysis contained in paper I represents only a 
part of the solution of the general problem, and effects upon light-curves of distortion 
of the eclipsed star remained to be investigated. 

This investigation was brought toa close in December, 1941. Not quite unexpectedly, 
it turned out to be of such length and complexity that its publication in this Journal, as 
originally intended, proved impracticable. It was submitted to the American Philosophi- 
cal Society and, at the time of writing, was accepted for publication in its Proceedings. 
The present summary is intended to acquaint the readers of the Astrophysical Journal 
with the results of this investigation. 

The principal reason why the problem at issue proved so much more complex than the 
relatively simple geometrical problem discussed in paper I was that, in dealing with 
photometric effects of distortion of the star undergoing eclipse—which, consistently with 
paper I, will be referred to as the ‘primary component’’—we have not only to consider 
its own distortion in form but also to take account of the proper distribution of bright- 
ness over the eclipsed portion of the primary’s disk, which depends also upon the dis- 
tortion. For the distribution of brightness can be regarded as uniform or radially sym- 
metrical (limb darkening) only if a star is spherical or very nearly so; but, if the latter 
gets appreciably distorted, the distribution of surface brightness should, in addition to 
limb darkening, vary proportionally to the local gravity.” Recent investigations of the 
ellipticity effects in close eclipsing systems* have established the reality of the gravita- 
tion effect upon the surface brightness of distorted stars and in the amount theoretically 
expected. It is, therefore, evident that no substantial advance in our knowledge of close 


1 Ap. J., 94, 159, 1941. This paper will hereafter be referred to as ‘“‘paper I.” 

2 Cf. von Zeipel, M.N., 84, 665, 684, 702, 1924. 

3 Russell, Ap. J., 90, 641, 1939; or Kopal, Ann. New York Acad. Sci., 41, 13, 1941. 
20 
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eclipsing systems can be made unless the bearing of the gravity darkening upon light- 
curves within minima has been adequately investigated. 

2. The loss of light, due to the eclipse, as seen by an observer at a great distance can 
generally be expressed as 


AL=ffJr?(0, cos y sin (1) 


where r specifies the boundary of the distorted primary star; J, the intensity of radiation 
at any surface point; y is the angle of foreshortening; and @, ¢ denote the latitude and 
longitude of any arbitrary point. The limits of integration are to be extended over the 
whole eclipsed portion. 

The effects of limb darkening should, with sufficient accuracy, be satisfied by the 
well-known cosine law 


J=H(1—u+u cosy), (2) 


where H denotes the intensity of radiation parallel to the line of sight and u the coeffi- 
cient of limb darkening. As regards H, a theorem has been proved by von Zeipel? that 
the outward flux of total radiation on the surface of a star in hydrostatic equilibrium 
must, under certain conditions, vary proportionally to local gravity. It is difficult to 
predict, solely on the theoretical basis, the extent to which von Zeipel’s theorem should 
apply to actual stars; but its consequences upon the changes of light exhibited by close 
eclipsing systems between minima (ellipticity effect) were recently found to be in exact 
agreement with the observed facts.‘ Hence the application of von Zeipel’s theorem 
seems fully justified, and we have 1. : 


Ho _ (3) 
ayfo Zo 


where g and gp denote the local and mean surface gravity, respectively, and Ho is the 
bolometric surface brightness at points where g = go. 

If a star radiates like a black body, H is evidently proportional to the fourth power 
of the effective temperature 7, and equation (3) can be re-written as 


7% 
(4) 


where 7 denotes the mean effective temperature averaged over the whole disk. Equa- 
tion (4) governs the variation of temperature over the surface of a distorted star. The 
surface brightness at any single wave length \ then varies as 


H, (5) 


where cz = 1.432 cm deg. If we substitute in equation (5) for T from equation (4) and 
expand the former in a Taylor series in the neighborhood of 7 = To, then, to the first 
order in small quantities, equation (5) reduces to 


H 
m7 (6) 
where 
Co 
(7) 


‘Cf. Kopal, Ann. New York Acad. Sci., 41, 13, 1941. 
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In the case of total radiation (or for selective radiation, provided that AJ) = 0.3652 cm 
deg), 7 = 1. In practical cases, however, t may be either greater or smaller than unity. 
A glance at equation (7) shows that, if co/AT is small (high temperatures or long wave 
lengths), 7 converges to one-fourth; while, if c./AT is large, 7 is sensibly proportional 
to it. 

Combining equations (2) and (6), we find the distribution of brightness over the sur- 


face of a distorted star to vary as 
r= cosy). (8) 


A formula of this form has already been derived by Russell ;' but the coefficient 7 (identi- 
cal with Russell’s y) is no longer arbitrary. 

3. The actual variation of gravity, as well as the explicit form of cos y, depends on 
the form of the free surface of the distorted primary star. If the latter is in equilibrium 
under forces exerted upon it by its own rotation and by the tidal pull of the eclipsing 
companion, its form can, at present, be predicted if the rotation is slow and the disturb- 
ing action of the companion can be regarded as that of a mass point. Provided, further, 
that the primary rotates about a fixed axis perpendicular to the orbital plane with the 
Keplerian angular velocity,® the rotational distortion—to this order of accuracy—takes 


the form 


while the tidal distortion becomes 


+72 (cos sin 8), (10) 


where the longitude is reckoned from the line joining the centers of the two components. 
In these expressions m,/m, denotes the mass ratio; 7; is the radius of a sphere having the 
same volume as the distorted primary star and is expressed in terms of the radius of the 
circular orbit; and the P;’s are Legendre polynomials of various orders. The A,’s are 
finally numerical constants, depending on the distribution of density in the interior of 
the distorted stars, which for the polytropic family of models have been evaluated by 
Chandrasekhar.’ With the aid of the preceding expressions the variation of g, and there- 
fore of J, can now be specified in terms of 6 and @ by any standard procedure, and the 
angle of foreshortening can be likewise obtained. 

4. In order to be able to carry out the integration on the right-hand side of equation 
(1), we still have to specify the limits. In doing so, we find it, however, convenient to 
change over to another rectangular system of co-ordinates, with origin at the center of 
the primary star but moving in space so that the Z-axis is constantly coincident with the 
line of sight and so that the X-axis is in the direction of the projected center of the eclipsing 
component. By means of a simple geometrical transformation the Legendre coefficients 
P2 (cos 6) or P; (cos ¢ sin 6), associated with effects of the rotational or tidal distortion, 


5 Loc. cit. 
*If the primary does not rotate with the Keplerian angular velocity (which is unlikely for stars re- 
volving in circular orbits), but with an independent angular velocity w, then the general term arising from 
the rotational distortion becomes 
9.1 
(cos 0) ( ) 


where G is the constant of gravitation and p,, the mean density of the rotating star. 
7M.N., 93, 449, 1933 (Table VI). 
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then can be re-written as polynomials of the jth degree in terms of integral powers of 
x, ¥, 2, with coefficients depending upon the amount of distortion and the relative posi- 
tion of the components in their orbit. Since, furthermore, 


dxdy 


sin 6d0d¢= 


the whole integrand of equation (1) evidently becomes, in terms of the new co-ordinates, 
an algebraic function of x, y, z, the general terms arising from the rotational and tidal 
distortion being of the form 


x™y2" and 
where x7 + y?+ 2? = r? and m > 0, whilen > —1. 


The required range of integration in the xy-plane now follows without difficulty. The 
loss of light, during partial eclipses, is found expressible in terms of integrals of the form 


| 2"dxdy = arrmtntigm (11) 


Vr2—(5— 
and 
where 
6° =sin? y sin? i +cos* 
and 


ri 


r. denoting the fractional radius of a sphere of equal volume as the secondary (eclipsing) 
component ;andy,7 being the longitude of the eclipsing star in the relative orbit (reckoned 
from the mid-primary minimum) and the inclination of the orbital plane to the celestial 
sphere. If the eclipse is annular, the integrals on the left-hand sides of equations (11) 
and (12) are to be replaced by 


b+r, 
x™2"dxdy 
6 


and 


b+r, 


respectively. 

The dimensionless quantities a” defined by equation (11) will, in what follows, be re- 
ferred to as ‘‘associated a-functions’”’ of the order m and index n. As the reader may 
easily verify, the two lowest functions of zero order possess a familiar meaning: a§ rep- 
resents the fractional loss of light due to the eclipse of a uniformly bright circular disk 
(equal to the fractional area eclipsed), while $a? gives the same loss of light if the disk 
undergoing eclipse is completely darkened at the limb. In the case of incomplete limb 
darkening the corresponding loss of light can always be obtained as a certain mean of 
aj and a}, with weights deperiding on u; but associated a-functions of higher orders and 
indices are required to account for effects of gravity darkening. On the whole, effects of 
the second, third, and fourth spherical harmonic deformations invoke—apart from the 
two fundamental modes a} and a{—twenty-two additional associated a-functions of 


n 

| 
| 
| 
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various orders and indices. They all have recently been evaluated by the writer by direct 
integration of equation (11) in a finite number of terms. It was found that, if the index n 
is zero or an even integer, the respective associated a-functions are expressible in terms 
of circular and algebraic functions; but, if 2 is odd, they can be expressed only by means 
of elliptic integrals. For their explicit forms the reader is referred to the writer’s forth- 
coming memoir in the Proceedings of the American Philosophical Society. 

In addition to the associated a-functions, the theoretical light-curves involve expres- 
sions of the form (12) associated with distortion of the eclipsing limb of the secondary 
component. These are obtained by single integrations with respect to x; and their char- 
acter formally depends on the two subscripts 8 and y. Since, however, our present prob- 
lem does not admit of any value other than 6 = +1, the decisive factor is y. If it is 
zero or an even integer, the /3’s can also be evaluated in terms of circular and alge- 
braic functions; while if 7 is odd, the respective integrals are elliptical. 

5. If the component undergoing eclipse happens to be the smaller of the two and 
5 < re — ni, the eclipse becomes total, and the loss of light then equals the luminosity 
of the primary star. In sucha case the foregoing algebra admits of drastic simplification; 
and the variation of light exhibited by rotation of the distorted primary between eclipses 


is then found to obey the equation 


+72) [A2 +47 (5 r3P2 (cos i) 
[As +47 (5 —Az) ] r3P2(cos sin i) 


[Ay (9 — 344) ] (cos sin i) +. 


while 


[A,+47(5 ] riP2(cosy sin 7) 
5 my 
[As t+47(7 — 2A3)] riP3(cosy sini)+.... 


The primary’s luminosity in its undistorted state is taken as the unit of light. 

We notice from the foregoing formulae that no variation of light arises between min- 
ima from the third harmonic unless there is some limb darkening, or from the fourth 
unless the limb darkening is incomplete. We further notice that the effects of gravity 
darkening in total light (r = 1) arising from the second, third, and fourth tidal harmonic 
distortions of a centrally condensed star (for which Az = As = As = 1) in general 
consist of multiplying the variation invoked by the distorted geometry alone by the fac- 
tors of 2, $, and 4, respectively. 

Within minima, however, the changes of light due to the eclipse of a rotationally and 
tidally distorted star become vastly more complex and are expressible only in terms 
of the special functions introduced in the preceding section. All such functions are di- 


8 Terms with 8 equal to zero or to an even integer do not occur in the theoretical light-curves on ac- 
count of symmetry. 
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mensionless quantities which can be made to depend upon two independent variables— 
say on the ratio of radii and the geometrical depth of eclipse—and can be tabulated in 
terms of such parameters in a manner similar to that used for a} or a}.® The explicit forms 
of the theoretical light-curves within minima are too complex to be quoted here in full'® 
and are likely to remain of little practical use unless the constituent functions which 
occur with simple geometrical coefficients are available in tabular forms. But once this 
has been done, the rigorous forms of the theoretical light-curves corresponding toa 
given set of parameters can be easily computed and compared with observations with a 
minimum of effort. 

6. The primary task with which a computer of orbits of eclipsing binaries has to cope 
is therefore the derivation of parameters specifying a given light-curve. For systems 
with well-separated components these can be obtained by a straightforward application 
of elementary methods to the observed light-curve as it stands. If, however, the com- 
ponents are brought closer and the continuous changes of light between minima, due to 
the ellipticity and reflection effects, are too conspicuous to be neglected, Russell" pro- 
posed to‘‘rectify”’ a light-curve before analyzing it for orbital elements—that is, to apply 
to the whole light-curve empirical harmonic terms required to render the light between 
minima constant. It was assumed that such a rectified curve was then equivalent to 
one that would be produced by eclipses of two spherical stars and to which the elemen- 
tary methods of solution could be applied. 

These assumptions were made at a time when the neglect of small effects due to the 
difference of both components in form was thought legitimate and when the existence of 
a gravity darkening was not even suspected. Later researches have, however, completely 
changed the picture. For if, as usual, the rectified loss of light / of an eclipsing system, 
expressed in terms of its total luminosity, is written as 


/fl,, (14) 


where L; denotes the fractional luminosity of the star undergoing eclipse, then f is found 
to involve—in addition to the fundamental modes a} or a{—a number of terms arising 
from the distortion which do not cause any variation of light between minima and which, 
however small, are of the same order of magnitude as terms removed by the rectification. 
A rectification can thus render a light-curve simpler but can by no means free it from 
all effects of distortion. 

7. The explicit forms of f for eclipses of distorted stars are generally complex. In view 
of the applications, however, it seems desirable to pick up terms from the general for- 
mulae which are likely to be most important in practical cases. Let us consider, for the 
sake of simplicity, the eclipsed star to be undarkened at the limb, and neglect effects 
arising from the third or fourth tidal harmonic distortion as unimportant in the first 
approximation. Further, it is essential for the occurrence of eclipses that sin y or cos 7 
are of the same order of ‘magnitude as the fractional radii of both components. Hence, 
as far as effects of second harmonic distortion are concerned, quantities of the order of 
sin y or cos iare clearly negligible. If we abbreviate 


9 Russell and Shapley, A p. J., 36, 239, 385, 1912; Zessewitsch, Bull. Inst. Astr. Leningrad, No. 45, 1939; 
and No. 50, 1940. 


10 The reader is again referred to Proceedings of the American Philosophical Society, 85, 399, 1942. 
1 Ap. J., 36, 54, 1912. 
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where 6; denotes the diametral semiaxis of the respective star, and combine the terms 
due to the distortion of both components,” then, to this order of accuracy, f reduces to 


where 
270 2 
2m = ro cos~! — 


—(6-s)Vr-s? (16) 


and A? = a2 — A$ = a? — or, explicitly, 
A? = 72 — 52) (17.0) 


and 
As = —ari( 3s — 2s) ai 72 — (18.0) 


where 


3.1 
= 675 cos! 


Of the two terms associated with distortion on the right-hand side of equation (15), 


is purely geometrical and accounts for the difference in polar flattenings of both com- 
ponents, while 


5 
5 + 30.43} 


arises in connection with the gravity darkening. The former term consists of a difference 
of small quantities and, unless the components are very unequal in form, it is likely to 
be small. The latter, however, consists of a sum of small quantities and is, therefore, 
likely to be the dominant one. To this order of accuracy the rectified light-curve depends 
neither on the tidal distortion of the secondary component nor on the scale of each par- 


ticular system. 
If the eclipse is annular, equation (15) continues to hold good, but 


(17.1) 
and J}, = 3. Since 4} + A? now also degenerates into a constant, the only term vary- 


ing during annular phase is 
3r ( 5 ) _ 


which arises from the gravity darkening invoked by the tidal distortion of the primary 
component. In the absence of ordinary limb darkening the rectified loss of light should, 
therefore, reach its maximum at the moment of internal tangency and decrease hence- 
forth continuously with diminishing geometrical depth of the eclipse; in other words, a 
rectified light-curve should be convex upward during annular phases. This is easy to 
understand, for the gravity darkening of a tidally distorted star, viewed from the direc- 


12 For terms arising from the distortion of the secondary (eclipsing) component, cf. paper I, eq. (9). 
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tion of its longest axis, should be tantamount to a limb brightening.!* If, however, the 
limb and gravity darkenings superpose, the situation becomes too complex to be analyzed 
in simple terms, and the increase of surface brightness from center to limb need not nec- 
essarily take place. 

8. The application of the preceding results to practical cases can best proceed by 
“‘the method of false position.’’'* After having performed an empirical rectification, we 
neglect, for a moment, the remaining effects of distortion and solve a light-curve by ele- 
mentary methods. With the aid of rough elements thus obtained, we compute the true 
theoretical light-curve, including the effects of distortion, and compare it with observa- 
tions. Let O be the observed curve and C the computed one. Construct, now, a new 
curve which is at every point as far below O as C is above it. From this curve, again by 
the elementary methods of solution, derive new elements and from these a new com- 
puted curve C’. The latter should be much closer to O than C was. Repetition of this 
process, if necessary, should result in a good fit. There is no general guaranty that such 
approximations will be convergent in every practical case; yet, if they fail, there is but 
little hope that the far more laborious adjustment by least squares, or any other pro- 
cedure, would give significant results. 

The method just described is not likely to be unduly laborious but is admittedly 
much more involved than the simple form of solution applicable if the effects of distor- 
tion are neglected. As long as both components can be regarded as uniform or limb- 
darkened circular disks, the orbital problem is simple; and to this extent it was exhaus- 
tively dealt with in the classical memoirs by Russell and Shapley published in this 
Journal thirty years ago. In the three decades which have elapsed since that time, how- 
ever, the accuracy of photometric measurements has been increased at least ten times; 
and precise light-curves of several close binaries, produced in recent years, have exceeded 
very distinctly our ability of interpreting them on the basis of the simplified model under- 
lying Russell’s original method. 

The aim of the present investigations on the theoretical light-curves of close eclipsing 
systems has been to extend the theoretical background of our interpretation of light- 
curves based on a physically sound and consistent model, as far as it proved practicable 
at the present state of research; and it is believed that, unless a system is so close that its 
components are nearly in contact, the results arrived at should enable us to carry out an 
analysis of light-curves up to quantities of the order of one- or two-thousandths of a 
magnitude. The situation arising now in orbital analysis of eclipsing binaries can well 
be compared with that experienced in the early days of celestial mechanics, when the 
Keplerian ellipses—an analogue to the simplified form of problem treated by Russell and 
Shapley—proved inadequate to represent the orbits of bodies in the solar system with 
sufficient accuracy, and recourse had eventually to be made to the theory of general 
perturbations. 


In conclusion, the writer takes pleasure in expressing his appreciation to Professor 
Henry Norris Russell for constructive criticisms and constant stimulating interest. 


HARVARD COLLEGE OBSERVATORY 
April 1942 


13 Cf. Russell, Ap. J., 90, 641, 1939. 
4 Cf. Russell, Ap. J., 95, 345, 1942. 
Russell, 4p. J., 35, 315, and 36, 54, 1912; Russell and Shapley, Ap. J., 36, 239 and 385, 1912. 


ON THE FREQUENCY OF SUPERNOVAE. II 
F. ZwIcky 


ABSTRACT 


A recalculation of the frequency of occurrence of supernovae is given which is based on the results of 
the search carried through with the 18-inch Schmidt telescope in the period from September 5, 1936, 
until January 1, 1940. In this period twelve supernovae were discovered. For the general collection of 
three thousand nebulae which were searched, an average frequency of one supernova per nebula in 430 
years is arrived at in satisfactory agreement with the frequency of one supernova per nebula in 457 
years previously given. A more exact calculation is made for the frequency of those supernovae which 
have appeared in a specified collection of 840 nebulae listed in the Shapley-A mes Catalogue. For this col- 
lection the frequency of one supernova per nebula per 359 years is obtained. The way is indicated in 
which the uncertainties which have presently arisen regarding the luminosity function of nebulae, as 
well as the discovery of several types of supernovae, are likely to complicate the problem of determining 
the frequency of supernovae in an average nebula. 


A. REVIEW OF THE SEARCH FOR SUPERNOVAE 


On September 5, 1936, an 18-inch Schmidt telescope was installed and put into opera- 
tion on Palomar Mountain by the California Institute of Technology. During the period 
from September 5, 1936, until January 1, 1940, this telescope was primarily used to 


TABLE 1 
SUPERNOVAE DISCOVERED IN 1937-1939 


First Palomar Date of (on 
Nebula mn ecord of Maximum First | mmax| 
: Supernova y Brightness Rec- 
ord) | 
1....| NGC 4157 So | 42-01... | Feb. 16, 1937 | Feb. 17,1937 | (Feb. 1, 1937), 16.2 |(14.6)!........ 
-4982 Sc | 13.5 | 24.8t) Aug. 25,1937 | Aug. 28, 1937 | (Aug. 22,1937) | 8 6 | (8 —16.5 
3....| NGC 1003 Sc 13.1 | 26.8 | Sept. 9, 1937 | Sept. 10, 1937 Sept. 14, 1937 | 13.0 12.8 | —14.0 
4*_..| NGC 1482 Sa pec. | 14.4 ]...... Nov. 26, 1937 | Dec. 30,1937 | (Dec. 6, 1937) | 16.5 |(12.2))........ 
5*...| 227m2, —23°0’ Aug. 26, 1937 | Nov. 12,1938 |((July, 
6....| 2534m0, +34°10’ SBc | 15.0 | 29.8 | Nov. 17, 1937 | Dec. 11, 1938 | (Nov.7, 1938) | 15.4 1(14 5)} —15.3 
7*_..| 1h17m8, +15°22’| SBc]......]...... Sept. 24, 1936 | Dec. 12,1938 ((Aug. 1936))) 18.1 
8....| NGC 4636 E1 | 10.8 | 26.7 | Jan. 17,1939 | Jan. 18,1939 | Jan. 26,1939 | 14.7 | 12.6 | —14.1 
9*...| NGC 3184 Sc 11.8 | 25.4 | Apr. 3,1938 | March, 1939 | Dec. 16,1938 | 17.0} 13.1 —12.3 
10....| NGC 4621 ES | 11.4 | 26.7 May 19, 1939 | May 19,1939 | May 1,1939 | 14.5./ 11.8| —14.9 
11....| NGC 6946 Sc | 11.1] 25.3 | July 17,1939 | July 28,1939 | June 29,1939 | 14.4 | 13.2 | —12.1 
12....| Ob54m, —5°20 Dec. 4, 1939 | Dec. 6, 1939 ((Nov., |1939))| 16.0 |......|........ 


t Some uncertainty still exists regarding the distance of IC 4182. It is hoped that this uncertainty will be removed through 
the investigation now carried on by Dr. Baade on the dependence of the magnitude of the brightest stars in a nebula on the bright- 
ness of the nebula. It is probable that the supernova in IC 4182 will then be found to have been somewhat fainter than the abso- 
lute magnitude —16.5 given in this table. For the photographic magnitudes and other data listed herein, I am indebted to 
Dr. Baade of the Mount Wilson Observatory. 


search for supernovae in extragalactic nebulae, with the result that twelve supernovae 
were discovered in the period mentioned. According to prearranged plans! which were 
adopted in order to insure an unbiased statistical evaluation of the frequency of super- 
novae, the first phase of the search for supernovae was brought to a conclusion on Jan- 
uary 1, 1940. A compilation of the results achieved during this first phase is given in 
Table 1. 

The supernovae are numbered according to the dates of discovery, which are not in 
the same order as the succession of the dates of their appearance in the sky or the suc- 


1 See, e.g., F. Zwicky, Pub. A.S.P., 51, 36, 1939. 
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cession of the dates on which these supernovae reached their maximum apparent bright- 
ness. This lack of agreement between the two successions of dates is to be ascribed to 
the fact that the supernovae 4, 5, 7, and 9 appeared on the first photographs taken with 
the Schmidt telescope of the nebulae to which these supernovae belong. All the other 
supernovae were discovered within a few days after the first pictures of them had been 
obtained. Thanks to the close co-operation between the observatories on Mount Wilson 
and on Palomar Mountain, little time was lost in securing the spectra and light-curves 
of the newly discovered supernovae. We were particularly fortunate to get the spectra 
of the supernovae in NGC 1003 and in NGC 4636 on the rising branches of the respective 
light-curves. 

The second column in Table 1 gives the New Generai Catalogue or the Index Catalogue 
numbers of the nebulae in which the supernovae appeared. For the nebulae which are 
not listed in the New General Catalogue the right ascension and the declination for the 

‘year 1938.0 are given. Columns 3, 4, and 5 give the types, the photographic magnitudes 
mn, and the distance moduli |m — M = m (apparent) — M (absolute)] for the various 
nebulae. Column 6 contains the dates on which the respective supernovae made their 
first appearance on photographs taken with the Schmidt telescope on Palomar Moun- 
tain. For the supernovae 2, 3, 6, 7, 9, 10, and 11 various observatories subsequently 
announced that they had at their disposal records of the respective supernovae which 
preceded our own first records. Column 7 gives the dates of discovery. The time lag 
between the date of the first record and the date of discovery is large only in the case of 
those supernovae (marked with an asterisk) which made their appearance on the very 
first photograph ever taken at Palomar of the nebulae involved. Column 8 gives the 
dates of maximum brightness. For five of the supernovae, records covering the maximum 
are available. The single set of parentheses in the case of the objects 1, 2, and 6 indi- 
cates that the date of maximum brightness was obtained from a reliable extrapolation 
of the light-curves, whereas the dates in double parentheses are much more uncertain, 
since the records are fragmentary. Column 9 contains the photographic magnitudes of 
the various supernovae at the time when they made their first appearance on photo- 
graphs taken on Palomar Mountain. Column 10 gives the photographic apparent mag- 
nitude at maximum brightness. The values in single parentheses have been derived from 
reliable extrapolations of the light-curves, whereas the values without parentheses are 
based on observations of the respective supernovae throughout the period of maximum 
brightness. Column 11 gives the absolute photographic magnitudes at maximum bright- 
ness. 

Between January 1, 1940, and the date of writing, six more supernovae were dis- 
covered at Palomar in NGC 5907, 4725, 4545, 253, 3254, and IC 1099, respectively. 
These supernovae are not included in the present statistical evaluation of the frequency 
of supernovae, since, as stated, the period from September 6, 1936, until January 1, 1940, 
had been agreed upon beforehand. 


B. THE FREQUENCY OF SUPERNOVAE ESTIMATED PREVIOUSLY 


Some time ago we published? an evaluation of the frequency of supernovae per aver- 
age nebula. This evaluation was based on the results obtained between September 6, 
1936, and January 31, 1938, from the search of supernovae in about three thousand 
nebulae brighter than m = 15. 

In the period indicated, three supernovae had definitely been identified; and the re- 
sult was arrived at that, per average nebula, one supernova makes its appearance in the 
average period of 612 years.. In the publication? mentioned, it was indicated that the 
object in NGC 1482 had been found variable but had not at that time been definitely 


2 Zwicky, Ap. J., 88, 259, 1938. 
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identified as a supernova. Since this is now the case, the original estimate should be re- 
vised, and a frequency of one supernova per 


v= 457 years (1) 
per average nebula results. 

Among the three thousand nebulae which were searched, about 840 are listed in the 
Shapley-Ames Catalogue and are brighter than m, = 13. In this partial collection of 
nebulae, one supernova (NGC 4157) was found between September 6, 1936, and Janu- 
ary 31, 1938. The calculation of the frequency of supernovae, based on the search of 
these selected nebulae, gave the result of one supernova per 


v’ = 460 years (2) 


r average nebula of the Shapley-Ames collection. The agreement between the re- 
sults (1) and (2) is, of course, entirely accidental, since any statistical consideration 
based on small numbers (four supernovae for the general collection of nebulae and only 
one supernova for the Shapley-Ames nebulae) is obviously subject to very much greater 
fluctuations than the difference between the results (1) and (2) indicates. 


C. THE FREQUENCY OF SUPERNOVAE AS DEDUCED FROM THE RESULTS OF THE 
SEARCH BETWEEN SEPTEMBER 6, 1936, AND DECEMBER 31, 1939 


The results which were reviewed in Section B were arrived at by the following pro- 
cedure. It was assumed that any supernova which at maximum became brighter than 
the apparent magnitude m = 16.5 would be discovered if photographs at very short in- 
tervals (say 10 days apart) were available. Since, however, the intervals between suc- 
cessive records often amounted to several months, an estimate had to be made regarding 
the ‘‘control value” of the average individual record. A discussion was given of this 
control value, and the result arrived at was that for the collection of the approximately 
three thousand nebulae which were searched the average control value of each photo- 
graph of 30-minute exposure time amounted to about 1 month.? 

In order to arrive at results for the frequency of the occurrence of supernovae which 
are comparable with those previously obtained, we now shall apply the same mode of 
calculation as that previously used to the results obtained from the supernova search 
between September 6, 1936, and December 31, 1939. In this period about three thousand 
nebulae brighter than m = 15 were searched for supernovae, and 1625 photographs of 
30-minute exposure time were taken. If we assign to the average photograph the con- 
trol value of 1 month, the control value of the whole search becomes equivalent to the 
search for supernovae in an average nebula of our collection during a period of 61,804 
months, or 5150 years. This, in our previous terminology,” is the number of “‘nebula 
months” or ‘‘nebula years” which results from our search. Since twelve supernovae 
were discovered, we arrive at the result that, per average nebula, one supernova makes 
its appearance in average intervals of 


= 430 years. (3) 


It is therefore seen that this frequency and the frequency! previously obtained are in 
satisfactory agreement. Since the value (3) is based on the analysis of material contain-” 
ing twelve supernovae, as against four supernovae in the case of the result (1), the sta- 
tistically most probable value of the fluctuations from value (3) is less than that of the 
fluctuation from result (1), the reduction factor being about V4/12 = V1/3. 

The probable fluctuation in the number of supernovae from the number twelve ac- 


tually observed is of the order of V12. The most probable range for the frequency, 


y= 


~~ —_ 
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therefore, lies between one supernova per average nebula per 1, = 5150/8.5 = 600 years 
and = 5150/15.5 330 years. 

The number of nebulae brighter than m = 13, which are listed in the Shapley-A mes 
Catalogue and which were searched for supernovae in the period from September 6, 1936, 
until December 31, 1939, is about 840. In these nebulae five supernovae were found be- 
tween September 6, 1936, and December 31, 1939. If we ascribe again the control value 
of 1 month to each photograph taken, the total control value of the search of the Shapley- 
Ames nebulae derived from our data is equal to 1182 nebula years. From this it would 
follow, therefore, that the frequency of supernovae is one supernova per average nebula 


per 


years. (4) 


5 


That this value (4) should be lower than the value (3) was to be expected for the reasons 
outlined previously. The control value per photograph for the nebulae of the Shapley- 
Ames collection is obviously longer than that of 1 month adopted for the general collec- 
tion of nebulae for which the value (3) was derived. The actual control value for these 
nebulae will be discussed in the next sections, and it will be shown that »; must be re- 
garded as a probable lower limit for v. A probable upper limit may be calculated in the 
following manner: 

Suppose that the control value of each photograph were large enough, such that even 
the longest intervals between successive pictures could be considered bridged and the 
whole period from September, 1936, until December, 1939, could be considered strictly 
controlled for supernovae in the 840 Shapley-Ames nebulae. (A control value of about 
200 days per picture would be adequate for this purpose.) In this case each of the 840 
Shapley-Ames nebulae would have been controlled strictly for the period from Septem- 
ber, 1936, until December, 1939, or rather for this period plus 200 days, since any super- 
nova which made its appearance less than 200 days before September 6, 1936, also 
would have been found. The total control value of our search would therefore have been 
equal to about 840 X 46 months, or equal to 3220 years. The resulting maximum value 
for v (or corresponding minimum value for the frequency of supernovae) consequently is 


years . (5) 


Vmax >= 5 


The actual average interval between the successive appearances of supernovae in an 
average Shapley-Ames nebula will be less than »,,,x, since the control time per photo- 
graph is not long enough to guarantee that all of the gaps between our various records 
can be considered strictly controlled. Some of these gaps are long enough so that in- 
trinsically faint supernovae which made their appearance during these gaps would have 
escaped our attention. 

In the following sections we proceed to outline a method which should enable us to 
evaluate in a statistically correct manner the frequency with which supernovae may be 
expected to appear in an average nebula. A numerical application will be made to the 
nebulae listed in the Shapley-Ames Catalogue, which we have searched for supernovae. 


D. THE LIFETIME T OF AN AVERAGE SUPERNOVA AS A STAR 
BRIGHTER THAN Max +: OM 


In order to calculate how long we may expect to see a supernova in a given nebula 
with a given telescope, we must have adequate knowledge of the lifetime of supernovae. 
From the average light-curve*® of supernovae we derived for the function 7(ém) values 


3 W. Baade, to appear in the Astrophysical Journal. 
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which are plotted as a curve in Figure 1. For purposes of approximate calculations the 
lifetime 7(6m) of a supernova as a star brighter than m,,,. + 6m can be approximated 


by the linear function 
=746m— 190 (6) 


if only values of 6m > 4 are considered. 

The curve in Figure 1 is derived from the average light-curve of the best observed 
supernovae of class I. In the meantime a second class of supernovae has been identified 
whose light-curves differ from those of the first class. Fortunately, the effect of a some- 


280L 


Fic. 1.—Lifetime 7 of an average supernova as a star of photographic magnitude m < max + 6m 


what broader maximum of the light-curves of class II is partly compensated for by a 
subsequent faster fading of these supernovae, such that calculations of the frequency of 
occurrence based on the lifetimes of Figure 1 presumably remain essentially correct for 
both classes of supernovae. 


E. THE LUMINOSITY FUNCTION OF SUPERNOVAE 


According to Baade’s analysis‘ of the data on supernovae which were available 4 
years ago, we have 


M,= — 14.3 (7) 


and 
o = 1.1 mag., (8) 


where M, is the average absolute magnitude and o the dispersion in magnitude. Ap- 
proximating the luminosity function by a Gaussian error-curve we obtain for the rela- 
tive number 2(Mynax) A Max Of supernovae in the interval between M,,,., and Minax + A 
M wax Of absolute magnitudes 


1 —M. 
n (Minox) = exp [ | 


(9) 
= 07.363 exp [ — 0.41 (Minax —Mo)?] ’ j 


‘Ap. J., 88, 285, 1938. 
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where the normalization 
+o 


is adopted 


F. THE CONTROL VALUE OF ONE PHOTOGRAPH OF A GIVEN NEBULA 


We assume that with the 18-inch Schmidt telescope every new star in the extragalactic 
nebulae of our collection is detected if at least one photograph is available on which this 
star shows an apparent magnitude m < mMeriticas = 16.5. If the distance modulus of 
the nebula considered is 1 = m — M, the lifetime of a supernova of maximum apparent 
magnitude m,,,x aS a star of apparent magnitude m < m,,i, will be 


7(6m) =7 (Merit — Mmax) (11) 


= ( Merit — — 


The average lifetime 7 for a great number of supernovae of varying absolute brightness 
which appear in nebulae whose distance modulus is yu will be 


+o 
T= f (meric Mina) AM mas .(12) 


This means that one photograph of a given nebula with the 18-inch Schmidt telescope 
possesses an average control value of 7 nebula days. In Table 2 the control values for 
nebulae at different distances are given. 


TABLE 2 


CONTROL VALUES OF INDIVIDUAL PHOTOGRAPHS FOR 
NEBULAE AT DIFFERENT DISTANCES 


| L25 | 25.5 | 26.0 | 26.5 
7 (in days)....|2 240 200 | 


14 | | 79 | 59 | 44 | 33 17 


G. THE TOTAL CONTROL VALUE ‘f OF A NUMBER OF PHOTOGRAPHS OF A GIVEN 
NEBULA TAKEN AT TIME INTERVALS 0, f2,....,42 


The control value of the first picture (0) is equal to 7. The control value of any sub- 
sequent photograph is taken to be equal to ¢; if t; < 7, and equal to 7 if ¢; > 7. If the 
intervals 1, t2,...., ¢, are smaller than 7, while the intervals ¢,41,...., ¢2 are greater 
than 7, we have 


H. APPLICATION OF THE METHOD DESCRIBED TO THE NEBULAE BRIGHTER 
THAN THIRTEENTH MAGNITUDE 


Among the approximately three thousand nebulae searched, 837 are listed in the 
Shapley-Ames Catalogue of nebulae-brighter than the thirteenth apparent magnitude. 
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Since for most of these nebulae fairly good values of the distance moduli are known, we 
shall now apply the method described in the previous sections to this special class of 
nebulae. 

With the kind and indispensable co-operation of Dr. Hubble all of the 837 nebulae 
involved were assigned definite distance moduli, which were derived from the red shifts, 
from the brightest-star criterion, or from the known distances of certain clusters of 
nebulae. For instance, all of the nebulae which belong to the Virgo cluster were assumed 
to have a distance modulus yu = 26.9, while for those which belong to the extended Ursa 
Major cloud uw = 26.2 was adopted. The numbers of nebulae which occur in the various 
indicated ranges of the distance modulus are listed in Table 3. 


TABLE 3 
NUMBER OF CONTROL PICTURES FOR NEBULAE AT DIFFERENT DISTANCES 


Nomene NUMBER OF PHOTOGRAPHS TAKEN AT TIME INTERVALS to EQUAL TO— 
RANGE OF 
DISTANCE ae 0 | 10 | 20 | 30 | 40 | 50 | 60 | 70 | 80 | 90 | 100 | 150 | 200 | 250 
Moputus Mopuzus| * to to | to to to to to to to | to | to to to |_>300 
RANGE 10 20 30 | 40 50 60 70 80 90 | 100 | 150 | 200 | 250 | 300 | Days 
Days, Days; Days) Days! Days) Days) Days| Days) Days} Days) Days Days) Days) Days 
39 199 68 | 236 | 110 33 53 | 18 17 13 7} 40; 31 23 8 3 
25. 24 78 13 91 | 36 16 19 10 4 11 14 6 24 13 10 
23.5<9<26.0... 48 66 15 | 176 | 106 54 72 35 20 47 15 59 | 27 34 ae 
26.04 9<26.5... 131 450 | 150 | 367 | 292 99 | 159 | 71 78 51 34 | 222 | 23 95 | 23 33 
26.5<p<27.0... 284 3485 | 538 | 970 | 651 | 347 | 217 127 | 62 | 116 88 | 401 | 160 | 143 89 32 
27 .O<a<27.5.... 150 242 94 | 322 | 200 | 104 80; 35 | 18 24 26 42 36 | 105 99 22 
27. 5<e<28.0... 103 268 | 113 | 315 | 205 89 89 | 46) 23) 20 14 | 51 | 48; 109 34 2 
28.0<p<28.5... 53 342 | 28 | 153| 91| S3| 79| 8| 3] 22| 21] 47} 30] 2 
29.0<yp<30.0... + 8 4 10 | 8 3 | 1 | 4 2 
Ee 837 /S141 1024 2643 1702 | 799 | 774 | 362 | 230 | 289 | 193 852 | 358 | 582 | 304 | 104 
| | 


The next step consists in determining for each individual nebula the intervals ¢, at 
which it has been photographed and to calculate the number of nebula days which the 
observation of this nebula contributes to the total control value of our supernova search. 
For instance, the nebula NGC 5668 was observed twenty-three times at intervals of t, = 
1,1, 2, 3, 4, 9, 13, 14, 22, 22, 24, 25, 27, 28, 32, 34, 35, 35, 35, 44, 155, and 210 days, respec- 
tively. Since the distance modulus is u 27.8 and 7 = 67 days, we obtain, according 
to equation (13), 


S 67 = 611 days. (14) 


The observations on NGC 5668 therefore contribute 611 nebula days to the control 
value of our search. A similar calculation was carried out for each of the 837 nebulae of 
the Shapley-Ames nebulae observed. The distribution of the number of photographs 
in dependence of the time intervals ¢, for the nebulae in various ranges of the distance 
modulus is given in Table 3. Finally, the values of S for all of the 837 nebulae were 


summed, and the total control value 


837 
pa] = 655,687 nebula days | (15) 
1 
= 1797 nebula years 
was obtained. 


In the period from September 6, 1936, until January 1, 1940, five supernovae were 
found in the 837 nebulae searched. These occurred in NGC 4157, 4636, 3184, 4621, and 
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6946, respectively. The net result, therefore, is that in an average nebula of our Shapley- 
Ames collection a supernova makes its appearance at average intervals of 


v, = 359 years . (16) 


This, on the basis of observations available now, must be considered as the best value 
for the frequency of occurrence of supernovae. The value y, lies between the maximum 
and minimum values of 640 years and 236 years given in Section C. 

Among the five additional supernovae discovered in 1941 the three in NGC 5907, 
4725, and 253 appeared in nebulae which belong to the Shapley-Ames collection. Al- 
though an exact figure cannot be given, it is easily seen from the data of our search in 
1941 that the inclusion of these additional supernovae into the statistical calculation of 
the frequency of supernovae only inappreciably changes the value (16). 

It must be emphasized that present uncertainties regarding the luminosity function 
of nebulae make it meaningless to talk about the frequency of occurrence of supernovae 
in an average nebula, since we do not as yet know the significance of the term “average 
nebula.’’”> The result (16) is strictly confined to the statistics of nebulae which belong to 
the Shapley-Ames collection. Similar precautions are necessary if we wish to answer the 
question whether the appearance of supernovae favors any particular structural type 
of nebulae. Here, again, it is necessary to confine one’s self at the present time to nebulae 
which belong to the Shapley-Ames collection. For these we obtain the results described 
in Section I. 

I, THE APPEARANCE OF SUPERNOVAE IN NEBULAE OF 
DIFFERENT STRUCTURAL TYPES 


I am indebted to Dr. Hubble for having placed at my disposal his extensive data on 
the classification of nebulae. On the basis of these data the structural types of 721 


TABLE 4 
NUMBER OF SUPERNOVAE IN NEBULAE OF DIFFERENT STRUCTURAL TYPES 


Types OF NEBULAE 


| 
I E | SB Total 
. Number of nebulae... . 21 139 | 40 416 105 721 
Number of supernovae | 
between September 6, 
1936, and January 30, 


nebulae among the 837 nebulae of the Shapley-Ames collection which were searched for 
supernovae have been identified. Arranging these nebulae in the following groups, (I), 
elliptical (E), ordinary spirals (S), barred spirals (SB), and So, we arrive at the tabula- 
tion given in Table 4. 

We have included in Table 4 the three supernovae discovered in 1941. The numbers 
involved are, of course, much too small to allow us to draw any final conclusions. Never- 
theless, it follows that on the basis of our data no systematic discrimination regarding 
the appearance of supernovae in various structural types of nebulae is as yet discernible. 

As an illustration of the dangers involved in any overdiscussion of insufficient obser- 
vational material, attention should again be called to the fact that within the last 40 
years three supernovae have made their appearance in NGC 3184, while NGC 4321 and 


5 Zwicky, Phys. Rev., 61, 489, 1942. 
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6946 contributed two supernovae each. Whether this means that the stellar content of 
these particular nebulae favors a more rapid succession of supernovae than is indicated 
by our result (16) or whether we here are confronted with a wild fluctuation from the 
average remains to be decided through further observations. 

Another peculiar circumstance is the fact that those six supernovae among the twelve 
found during our initial patrol of the sky which were investigated spectroscopically were 
supernovae of what now is called ‘“‘type I.”’ This led us to a preliminary and incorrect 
conclusion that all supernovae might be of the same type. Some of the supernovae found 
later, such as the objects in NGC 5907 and 4725, proved to be of what Minkowski pro- 
posed to call ‘‘type II.’’ These supernovae appear to be giant analogues of the common 
novae, and their spectra can be interpreted accordingly, while the interpretation of the 
spectra of supernovae of the type I has not yet been given. Supernovae of the type IT, 
according to Baade, are, on the average, intrinsically fainter than supernovae of the 
type I; and they are therefore more difficult to discover, although they are probably 
more frequent than supernovae of the type I. Because of lack of sufficient data the lumi- 
nosity function which includes all types of supernovae is therefore subject for further in- 
vestigation ; and the conclusions reached in this paper, which are essentially based on the 
luminosity function and the average light-curve of supernovae of the type I, are to be 
viewed with great reserve when the frequency of all supernovae is considered. The 
method of computation given in this paper will, however, be applicable to the discussion 
of more complete data whenever these data are available. 
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MAGNITUDES AND COLORS IN THE GLOBULAR CLUSTER 
MESSIER 12 AND SELECTED AREA 108 


J. J. NASSAU AND J. A. HYNEK 


ABSTRACT 


The present report deals with the determination of red magnitudes of stars in Selected Area 108 and 
with blue and red magnitudes in Messier 12, which is three degrees from the Selected Area. The red 
magnitudes of the bright stars of the former were determined by direct comparison with the North Polar 
Sequence; those of the faint stars, by means of a 72-inch wire objective grating attached to the 69-inch 
Perkins reflector. The red magnitudes of stars in Harvard Standard Region C9 were used to check the 
determinations for the brighter stars, and the relation between color indices and red indices was utilized 
to check the grating magnitudes. A sequence of stars with limiting red magnitude 15.21 and with an 
average probable error of +0™05 is given. From this sequence the red magnitudes of all stars brighter 
than 1518 in SA 108 have been determined. 

The adopted photographic modulus of M 12 is 13"90, a value determined from the published modulus 
by correcting for interstellar absorption by means of the observed color excess of the cluster. This modu- 
lus gives 6.0 kpc for the distance of the cluster. The corresponding red modulus was found to be 14"70. 
Both red-and blue-magnitude sequences are given for the cluster. The red indices of all stars brighter than 
13.46 red magnitude within 2'3 of the center of the cluster have been determined, and likewise the red 
indices of all stars brighter than 15.18 red magnitude within zones of 2'3 and 10'4 are given. 

The frequency distribution of the red indices does not change with the distance from the center of 
the cluster. The essential features of the color-magnitude diagram of the stars in the cluster are: (a) 
the total absence of early-type supergiants; (6) the presence of very few stars in the region ordinarily 
occupied by cluster-type variables; (c) an abundance of red supergiants, together with a total absence 
of red giants; and (d) the presence of essentially two groups of stars, one group of early spectral class with 
constant absolute magnitude, and the other of late spectral class with absolute luminosity increasing with 
the red index (the two groups meet in the diagram at M, = 0.0 and C; = 0.75). 


The observational material for this investigation was secured at the Perkins Observ- 
atory with the 69-inch reflector, the objective of which was stepped down to 60 
inches in order to accommodate the existing Newtonian flat. The observational program 
was carried out during the summer months of 1938, 1940, and 1941, utilizing about five 
nights each month during the dark of the moon. Dr. S. W. McCuskey and the first au- 
thor collaborated in the observing during 1938 and in the design of a grating, as well as 
in the initial work of observing with it. 

The establishment of a red-magnitude sequence in Kapteyn’s Selected Area 108 was 
undertaken primarily in order to provide red magnitudes for Messier 10 and Messier 12, 
which lie within a few degrees of this area. The present report deals with the red magni- 
tudes and colors in SA 108 (Part I) and with the blue and red magnitudes and colors in 
the globular cluster M 12 (Part II). 


PART I 


The co-ordinates of SA 108 for 1900 are: a = 1632", 6 = —0°10’, ] = 344°, and 
b = +28°. For the determination of red magnitudes of bright stars in the area a direct 
comparison was made with the North Polar Sequence, utilizing the Gaposchkins”! pro- 
visional red magnitudes. 

For the faint stars a 72-inch aluminum objective grating was used. An OG 1 (Jena 
optical glass) filter with Eastman Ha plates defines the red magnitudes, which agree 
with the Gaposchkin red magnitudes of the North Polar Sequence. The plate-filter com- 
bination has an effective wave length of d 6200. 


1 C. Payne-Gaposchkin and S. Gaposchkin, Harvard Ann., 89, 93, 1935. 
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THE BRIGHT STARS 


Plates of double exposure of 10 minutes were taken, one at the pole and the other at 
the area. The eight plates thus secured were given the usual uniformity of treatment. 
They were tank-developed for 6 minutes in D 19 at a temperature of 68° F. The photom- 
etry of the plates was made with the Schilt-type photometer of the Warner and Swasey 
Observatory. 

As far as possible, the plates were taken when the zenith distances of the area and 
the pole were nearly the same. Four plates came within three degrees of having the 
same zenith distance as the pole. The red magnitudes derived from these plates were 
used in the determination of the atmospheric extinctions for the rest of the plates. The 
results obtained were essentially one-half of the photographic extinction. At no time was 
a correction greater than 0.14 mag. applied. 

In order to determine the magnitude correction due to the distance of a stellar image 
from the center of the plate, twenty-seven stars between magnitudes 14.50 and 16.30 
were measured on a Cramer Hi-Speed Special plate. The ten stars within 1 cm. of the 
center of the plate were used for the calibration-curve. Fourteen stars between 1 and 
2 cm of the center yielded zero correction, while the remaining stars out to a circle of 
3 cm of the center gave a correction of —0.02 mag. From the few bright stars available 
(nearly all of which lie in the 1-2-cm zone) we obtained a correction of +0.03 mag. for 


TABLE 1 
RED MAGNITUDES OF BRIGHT STARS IN SA 108 AS DETERMINED FROM C9 
Star mr mr Diff. Star mr mt Diff. 
10.93 11.01 — 8 | 303......| 11.64] 11.66 —2 
11.06 11.14 8 | 11.39 11.48 —9 
HA 468...... 11.78 11.88 10 i eee 12.34} 12.31 +3 
11.34 11.49 —15 


the stars at the center and —0.03 mag. for the stars in the outer zone. Since in the de- 
termination of magnitude standards of SA 108 all stars were within 3 cm of the center 
(as a matter of fact, nearly all were within 2.5 cm), no correction to center was deemed 
necessary. Table 6, Part 1, gives the red magnitudes obtained from the direct com- 
parison with the North Polar Sequence. The probable error for a single determination 
varies from +0.02 to +0.06 mag., with a mean value of +0.05 mag. 

Only a few bright stars in SA 108 are included in the “Photographic Magnitudes in 
Selected Areas.’ For additional bright stars which were to be used in connection with 
the grating determinations we selected three stars listed in the Harvard Durchmusterung® 
for the same area. The three stars so selected are HA 551, 475, and 468. The red magni- 
tudes of these stars (Table 2) and star No. 160 in the Mount Wilson list have been 
determined in part by means of the grating, as no bright stars in the North Polar Se- 
quence near the center of the field were available for comparison. 


RED MAGNITUDES OF SA 108 COMPARED WITH HARVARD STANDARD REGION C9 


In order to check the red magnitudes of the bright stars in SA 108 as determined in 
this paper, a series of five double-exposure plates was taken with C9 as standard.‘ Star 
images more than 3 cm from the center of the plate were not measured. The probable 
error of each determination was about +0.05 mag. The results are given in Table 1, the 


2 Papers Mt. W. Obs., 4, 1930. 3 Harvard Ann., 101, 1918. 
4C, Payne-Gaposchkin, Harvard Ann., 89, 136, 1937. 
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primed values being those obtained with the use of C9. The differences between the two 
determinations are given in the third column in units of hundredths of a magnitude, 
and they show no serious discrepancy. 


SPECTRA AND RED INDICES 


To secure a relation between red indices and spectral class and to compare it with a 
similar-relation derived from the stars of the North Polar Sequence, a number of addi- 
tional red and blue magnitudes were determined for stars not listed in the Mount Wilson 
Catalogue of Selected Areas.? These stars were secured from the Harvard Durchmuster- 
ung.® The first column of Table 2 gives the Selected Area number as given in the Mount 
Wilson or Harvard catalogue. The spectral classes given in the second column were 
determined by Humason.® The photographic magnitudes of the third column were se- 


TABLE 2 
SPECTRA AND RED INDICES, SA 108 
| 
Spectra Mp | mr 

| K3 9.37 | 7.63 1.74 
F9 12.09 11.34 0.75 
13.05 11.39 1.66 
F9 13.76 12.51 1.25 

| G7 14.30 12.46 1.84 
| G3 14.61 12.96 1.65 
al F9 42.55 11.78 0.77 
12.69 11.06 1.63 
G2 43:73 12.85 0.88 
A2 11.22 10.93 0.31 
G2 15.00 13.41 1.59 
G9 14.63 13.21 1.42 
G7 14.92 12.93 1.99 
G3 13.39 11:72 1.67 


cured from the Mount Wilson catalogue’ for the first group of stars and from our plates 
for the second group. The magnitudes of the latter are the average of three or four de- 
terminations with the exception of stars 468 and 475, where nine plates were measured, 
since more accurate magnitudes of bright stars were needed for the determination of the 
sequences in M10 and M12. The photographic magnitude of star 551 was obtained 
from the Harvard Durchmusterung and reduced to the international scale by applying 
the correction given by Seares, Joyner, and Richmond.® The red magnitudes are given 
in the fourth column. The order of accuracy for stars 468, 475, and 551 is the same as 
that of corresponding columns of the first part of the table, while for the remaining 
Harvard stars the red magnitudes have no greater accuracy than their corresponding 
blue magnitudes. 

Table 3 gives all stars in the North Polar Sequence for which spectra and red indices 
are available at present. The spectra of thirteen stars were obtained from a recent paper 
by Seares,’ and the remaining spectra from Keenan’s work.* The spectral classes of the 


5 Mt. W. Contr., No. 20, p. 209, 1932. 7Ap. J., 87, 257, 1937. 
6 Mt. W. Contr., No. 13, p. 145, 1924. 8 Ap. J., 91, 113, 1939. 
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latter were diminished by two subdivisions in order to reduce them to the Mount Wilson 
system. All the red indices (Pg — HPr) were determined by Mrs. Payne-Gaposchkin.® 
The summary of the results is shown in Figure 1. The crosses represent averages of two 
or three stars from the data of Table 3, with the exception of two points (denoted by 
broken crosses). The smooth curve is based on these points. The dots represent the 
average of three, four, or five stars from the data of Table 2. The small circle repre- 


TABLE 3 
NORTH POLAR SEQUENCE SPECTRA AND RED INDICES 


Mt.W. Mt.W. 
NPS an, NPS 
AO — .14 FO 0.67 
A2 + .23 cF7 0.63 
A3 + .13 F3 0.70 
A2 .00 G6 1.54 
AO + .36 M2 2.38 
F2 + .38 gK2 1.80 
FO + .24 G7 1.38 
A7 + .31 K1 2.00 
A8& + .31 G7 1.83 
C 


A a G 


Fic. 1.—Relation between spectral class and red index. Crosses (+) represent mean values for the 
stars of the North Polar Sequence; circles (@) for the stars of SA 108. 


sents the data for star HA 551. From this figure we may conclude that the zero point 
of the red-magnitude determination of the stars in SA 108 does not differ seriously from 
the zero point of the stars of the North Polar Sequence. 


THE RED MAGNITUDES OF FAINT STARS IN SA 108 


Three 1-hour exposure plates were taken during the summer of 1940; and three, of 
nearly the same exposure, in 1941. Ten densitometer impressions were made on each 
plate. For additional check of the similarity of the emulsion used and the constancy of 


® Harvard Ann., 89, 106, 1935. 
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the grating constant, the averages of the magnitudes for 1940 and 1941 were obtained 
separately. These are given in Table 4. For the adopted magnitudes the mean of the 
probable errors for each magnitude determination is + 0.026 mag., this value ranging 
from 0.02 to 0.04 mag. All plates were measured with the Schilt photometer, first, sec- 
ond, and third orders being observed when available. The first orders of the bright stars 
were not observed, in order to avoid the background density of the plate between central 
image and first order. For an additional check of the validity of the Schilt photometric 
measures all available orders were measured with a graduated magnitude scale on two 
plates. The results indicate no systematic errors. All stars for which magnitudes were 
determined with the grating are given in Table 6, Part 2. 


THE OBJECTIVE GRATING 


A 72-inch objective grating, made wholly of aluminum and having a total weight of 
75 pounds, was constructed in 1938. Its circular portion was made up of four castings 
bolted together and braced by two parallel beams. The complete ring with the braces 
was then placed on a milling machine to plane it and make the grooves for the wire on 
the ring and braces. An aluminum wire having a low coefficient of expansion and a 


TABLE 4 
RED MAGNITUDES IN SA 108 DETERMINED WITH GRATING 

No. 1940 1941 Average No. 1940 1941 Average 
10.92 10.93 10.93 14.52 14.61 14.56 
HA 475...... 11.08 11.03 11.06 y/o 14.42 14.41 14.41 
HA 468...... 11.82 12.73 11.78 ee 14.33 14.22 14.27 
a 12.95 12.93 12.94 i) 14.62 14.61 14.61 
13.35 13.39 13.37 14.63 14.72 14.67 
ae 13.76 13.66 13.71 y | 14.81 14.83 14.82 
14.15 14.03 14.09 15.24 15.19 15.21 

ye 14.03 13.91 13.97 


circular cross-section was used, and the same tension was applied to each wire before 
making it fast on the ring and braces. The longest unsupported wire length was 25 inches. 
The diameter of the wire was 2.05 mm, and the distance from center to center of the 
wires was 10.16 mm. These dimensions give the value of the grating constant, k = 
a/(a + d) = 0.798, where a is the width of the ‘transparent space and where d is the 
diameter of the wire. The grating wires were placed in the direction of north and ° 


south. 
GRATING CONSTANT (k) 


Various methods were utilized in the determination of k, the principal one of which 
will be described briefly. The image of the bright star 160 appears at the center in all 
the grating plates and shows images up to the eighth order. A grating plate is shown 
in Plate I. The images of the last three orders are elongated, although a relative esti- 
mate of brightness can readily be made with confidence. In examining the six plates 
available, the following were observed on every plate: (1) fourth-order image brighter 
than the seventh order; (2) seventh-order image brighter than the eighth order. The 
difference in magnitude between the central image and the successive orders has been 
computed for assumed values of k from the following equation:'° 


Am = 5(log nk — log sin nkm) . 


10 Photography as a Scientific Implement (collective work), p. 226, Van Nostrand, 1923. 
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The results are plotted in Figure 2. The lower portion of Figure 2 gives order 2 and 3, 
while the upper gives 4, 6, 7, and 8. From an examination of Plate I it is evident that k 
must lie between 0.798 and 0,808. The range of magnitude difference for the first order 
corresponding to these values of k is 0.12 mag. and less for the second and third orders. 

A direct estimate of the relative magnitudes of orders 4, 7, and 8 on each of the six 
plates gave the following values of k: 0.805, 0.800, 0.802, 0.802, 0.800, 0.803. The range 


am 


800} 


750 


700 


450 


600 


S50 


£00, 


830 


Fic. 2.—Grating constant (&) plotted against magnitude difference for the orders indicated 


in the difference of magnitudes between the zero and the first-order images for k = 0.805 
and 0.800 is only 0.05 mag.; and for the second, 0.03 mag. The mean value of k = 0.802 
has therefore been adopted for all plates. 


APPROXIMATE VALUE OF RED MAGNITUDES FROM COLOR INDICES 


The red magnitudes of the North Polar Sequence are available down to 13.27 mag. 
To secure approximate values of fainter red magnitudes in order to check on determina- 
tions for fainter stars, the known color indices have been employed as follows: Plotting 
the international photographic magnitude (JPg) minus the international photovisual 
(7Pv)" as ordinates and the corresponding values of /Pg — HPr (Harvard red)® as 
abscissae, the resulting smooth curve through these points was utilized to obtain the 
value of /Pg — HPr for stars in the North Polar Sequence of unknown red magnitude, 
and thus approximate values of their red magnitudes were obtained. The latter were 


1 Trans. 1.A.U., 1, 72, 1922. 
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used in the determination of red magnitudes for some of the faint stars in the SA 108 
for which we have already determined magnitudes with the grating. The results for one 
plate measured are shown in Table 5 and indicate a fair agreement between the two in- 


dependent determinations. 


TABLE 5 
RED MAGNITUDES OBTAINED FROM COLOR INDICES 
m, from mr, from 
Star seg from Color Diff. Star _ from Color Diff. 
Grating Indices ; Grating Indices 
13.00 13.18 —18 14.27 14.17 +10 
13.37 13.57 —20 14.56 14.38 +18 
13.97 14.07 —10 14.61 14.38 +23 
14.09 14.08 + 1 
TABLE 6 
RED MAGNITUDES AND INDICES OF ALL STARS MEASURED IN SA 108 
PART 1 PART 2 
Mt. W. Mr Cr Mt. W. mM, Cr 
11.34 0.75 13.97 0.77 
303 11.64 tit 13.37 1.57 
11.39 1.66 13.71 1.31 
12.34 1.07 14.61 0.46 
44 12.56 1.20 14.27 0.81 
280... .. 13.20 0.97 109.020. 14.09 1.19 
10 12.94 1.67 14.67 0.63 
13.31 1.07 14.82 0.72 
15.21 0.89 
PART 3 
Mt. W My Cr Mt. W my Cr 
12.86 1.29 14.69 0.76 
13.76 0.95 15.04 0.60 
13.37 1.43 15.09 0.56 
14.24 0.83 15.14 0.98 
14.77 0.31 15.49 0.65 
14.85 1.87 14.88 1.26 
0.48 | 14.85 1.87 
1.31 


A small-scale error might exist in our determinations, for the bright stars show nega- 
tive differences and the faint ones, positive. This difference, however, might arise from 
the fact that the relation between color indices and red indices was established from 


bright stars. 
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RED MAGNITUDES FOR ALL THE STARS IN SA 108 BRIGHTER THAN 15.18 


In order to secure the red-index distribution within the 15’ square in SA 108, we have 
determined the red magnitudes of all the stars brighter than m, = 15.18. Two plates 
were measured with the Schilt photometer, using for comparison the previously deter- 
mined magnitudes of the stars in the area. The probable error of a single determination 
is +0.03 mag., which expresses the internal accuracy of the measures. Table 6, Part 3, 
gives the red magnitude and the red index of these stars. 


PART II 


The co-ordinates for the globular cluster M 12 (NGC 6218) for 1900 are a = 16"42™, 
6 = —1°46’,/ = 344°, and b = +25°; and it lies three degrees from SA 108. It is a rela- 
tively open cluster (class [X),” thus lending itself readily to the determination of mag- 
nitudes in its central regions. Its integrated magnitude is 7.95,!* and its diameter is 
21/0.!* The color excess of the cluster is given by Stebbins and Whitford" as 0.13, and 
its spectral class as g1. Miss Helen B. Sawyer discovered the only known variable in the 
cluster,!* a Cepheid of period 15.5 days.!” 


DISTANCE AND MODULUS OF NGC 6218 


According to Miss Sawyer,’ the mean uncorrected distance of NGC 6218 is 10.3 kpc. 
The mean distance corrected for absorption under the assumption of a uniform layer 
of absorbing material, using the data of van de Kamp'* and Hubble,’ is 7.2 kpc. From 
the work of Stebbins and Whitford’ we obtain for the distance of the cluster 6.0 kpc, 
assuming the total photographic absorption equal to nine times the color excess. The 
discrepancy undoubtedly exists because the cluster lies near the dark obscuring cloud 
in Ophiuchus. It is at the edge of the zone of avoidance of extragalactic nebulae, al- 
though Stebbins and Whitford’ designate the cluster as normal with respect to the 
number of nebulae in its field. 

According to the star counts of Lindsay and Bok,”® the difference in magnitude due to 
photographic absorption between the direction of the cluster and the near-by region 
of 30° latitude is 1.1 mag., and hence it will be unsafe to use the hypothesis of uniform 
absorption in determining its distance. 

An indirect estimate of the reddening in the direction of the cluster may be obtained 
from the color of the bluest stars in the cluster field. We have five stars, which undoubt- 
edly are beyond the obscuring material, with red indices between —0.20 and —0.10 
mag. Their average value of red index is —0.13 mag., with an average apparent red mag- 
nitude of 15.09. If we assume that these stars are of spectral class B with red index of 
—0.4 mag., the maximum reddening which we would have in the direction of the cluster 
is‘0.27 mag., which agrees well with the corresponding value obtained from the observa- 
tions of Stebbins and Whitford." 

A confirmation of this value is given by the variable in the cluster. From the relation 
of spectral class to the period” we obtain for this variable of period 15.51 days the classifi- 


12 Shapley, Star Clusters, McGraw-Hill, 1930. 

13 Christie, Ap. J., 91, 8, 1940. 

14 Shapley and Sayer, Proc. Nat. Acad. Sci., 21, 593, 1935. 

6 Ap. J., 84, 141, 1936. 

16 Pub. Dom. Ap. Obs., 7, 121, 1938, in which marked print is given. 


17 Pub. David Dunlap Obs., 1, 59, 1938. 19 Ap. J., 79, 8, 1933. 
18 4.J., 42, 97, 1932. 20 Harvard Ann., 105, 255, 1936. 
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cation of G6, and from Figure 1 the red index of 1.53 mag. From five blue plates and 
three red plates taken within an interval of 3.5 hours we obtained the following results: 
m, = 12.84 + 0.02 mag; m, = 11.08 + 0.02 mag.; and C, = 1.76 mag. In view of the obvi- 
ous uncertainties of the method, the red excess of +0.23 mag. thus obtained is in excellent 
agreement with the value of +0.25 mag. derived by reducing +0.13, the value of color 
excess obtained by Stebbins and Whitford. 

From the above, it appears that the best value that we may adopt for the distance is 
6.0 kpc, which corresponds to a photographic modulus of 13.90 and to a red modulus 
of 14.70. 


MAGNITUDE SEQUENCES 


The stars in SA 108 were used in the determination of magnitudes for both the blue 
and the red sequences of M 12. For the blue magnitudes, Cramer Hi-Speed Special plates 


TABLE 7 
MAGNITUDE SEQUENCE IN M 12 
Star Mp p.e mr p.e Cr 

11.45 0.03 9.92 0.08 1.53 

11.90 .03 10.25 08 1.65 

12.29 .03 10.44 07 1.85 

1.15 .03 11.37 04 2.38 

13,2) .03 11.87 04 1.34 

13.78 .06 12.37 03 1.41 

14.13 .05 $2.25 03 1.90 

14.66 .03 12.82 04 1.84 

| 14.75 .03 13.01 04 1.74 

04 14.49 05 0.72 

15.74 .03 14.85 04 0.89 

15.95 .03 15:22 0.04 0.83 

TABLE 8 
ZONES 
Zone Radius Zone Radius 


were used; and for the red magnitudes, Eastman Ha and a Jena OG1 filter. The bright 
stars (a-j) in the blue were determined from six plates of the cluster of 3-minute ex- 
posure taken in rotation with plates on the field. The correction for atmospheric ex- 
tinction was less than 0.01 mag. The plates were measured with the Schilt photometer, 
although a graduated scale of magnitudes was used for a check in order to ascertain the 
background effect. No significant difference was found between the two methods. The 
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TABLE 9 
MAGNITUDES AND COLORS IN M 12 
Star | Mp | Mr | Cr Star Mp mr Ce 
= 15.85 15.14 0.71 
Group A Eee re 14.53 12.45 2.08 
15,25 14.96 0.29 
892 15.69 15.05 0.64 
15.65 15.00 0.65 991......... 15.62 14.81 0.81 
15.95 14.60 1.35 
| 45575 14.81 0.94 
en 16.00 14.60 1.40 
15.10 14.70 0.40 
12.04 9.91 2.13 
15.97 15.14 0.83 
981.. 13,22 11.68 1.54 
982.. 15.73 5.15 | 6.58 
14.09 11.83 2.26 
14.55 | 1.42 
15.47 14.08 1.39 
1051. 15.38 15.02 0.36 
15.30 14.93 0.37 
14.21 12.69 1.52 
14.83 14.86 —0.03 
ie 15.96 15.07 0.89 1072 15 10 14 26 0 84 
15.26 14.62 0.64 
14.05 11.89 2.16 
Me 16.16 15.12 1.04 Group B 
15.54 14.80 0.74 
16.43 15.06 137 | 
ees 15:07 15.14 | —0.07 361. 14.91 14.81 —0.10 
15.05 14.34 0.71 15.70 15:12 0.58 
14.72 12.70 2.02 15.80 15.07 0.73 
SS ee 14.89 13.54 1.35 432. 16.32 14.96 1.36 
15.66 14.85 0.81 16.01 15.11 0.90 
| ne 15.04 12.94 2.10 441. 14.99 15.06 | —0.07 
a12. 15.80 14.97 0.83 442. 14.70 14.46 0.24 
13.65 11.56 2.09 14.77 13.20 1.57 
15.04 15.17 —0.13 15.13 13.86 1.27 
591... 16.06 15.16 0.90 451... 15.03 14.54 0.49 
15.22 13.92 1.30 452. 16.21 14.97 1.24 
593. 15.50 14.87 0.63 453. 15.07 13.37 1.70 
5101.. 14.21 13.10 15.23 13.99 1.24 
14.96 13.13 1.83 13.73 11.70 2.03 
16.32 5.12 1.20 15.98 14.88 1.10 
13.66 31.25 2.41 471. 14.35 13.13 22 
15.36 1513 15.42 14.70 0.72 
14.00 12.89 1.11 15.65 15.00 0.65 
14.02 1221 1.81 S63... 15:52 14.46 1.06 
16.26 15.10 1.16 541... 16.04 15.08 0.96 
14.30 0.93 542.. 15.10 15.06 0.04 
791. 15.41 14.87 0.54 14.75 13.20 
821. 15.26 14.29 0.97 oon 15.42 13.66 1.46 
832.. 14.85 14.90 —0.05 15.30 14.17 
15.46 14.59 0.87 14.99 13.24 1.75 
15.56 14.72 0.84 15.96 15:12 0.84 
15.75 14.32 1.43 15.24 13.66 1.58 
14.90 14.98 | —0.08 14.97 14.00 0.97 
15.23 14.57 0.66 15.28 15.18 0.10 
ee 15.38 14.43 0.95 ee 15.79 15.03 0.76 
14.92 14.90 0.02 15.75 14.92 0.83 
13.48 12.46 1.02 15.85 15.13 0.72 
872.. 15.76 14.35 1.41 14.87 14.85 0.02 


| 

| 

| 
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TABLE 9—Continued 


47 


Star Cr Star mp Mr Cy 
PE: 14.95 14.91 0.04 

Group B—Continued 14.97 14.07 0.90 
15.96 14.96 1.00 
14.46 12. 77 1.69 
14.15 12. 1.75 

672. 15.11 | 15.03 | 0.08 
673. 15.42 14.83 0.59 
732. 15.39 14.23 116 
741. 15.20 14.13 1.07 
743... 14.79 13.10 1.69 
744... 14.96 15.16 | —0.20 14.76 14.21 0.55 
745... 14 18 12.38 1.80 
746... 15.27 14.15 1.12 || 5610. 15.19 15.04 0.15 
753. 15.47 14.51 0.96 
754... 14.33 12 61 172 
755... 14.62 13.42 tae 
761......... 15.00 13.36 1.64 15.46 14.72 0.74 
763... 15.77 15.11 0.66 
764... 15.07 15.18 —0.11 648 ‘tReet 15. 16 13. 91 1.25 
71... 15.02 13.34 1 68 
862......... 14.00 12.02 1.98 15.52 14.35 1.17 
864... -| 14.99 13.36 1.63 15.18 14.00 118 
15.10 | 13.87 | 1.23 
‘| 10 44 1 88 15.40 14.53 0.87 
| 29 8 656. 14.90 14.91 | —0.01 
ci deen ear © 13.25 i) 37 2.38 } 657 15. 49 15 15 0 34 
k.. 15.21 14.49 0.72 | 658.111... 15.30 15.10 | 0.20 
| 15.74 14.85 0.89 || 
| 663......... 14.94 13.36 1.58 
15.88 14.89 0.99 
Group C 15.36 14.22 1.14 
14.92 14.83 0.09 
16.00 15.10 0.90 
15.28 14.31 0.97. || 674......... 15.24 14.10 1.14 
| 15.12 | @8........ 15.04 15.08 | —0.04 
15.05 6.72 || @&........ 14.53 14.38 0.15 
464. a 15.06 15.00 0.06 || 677......... 15.65 15.12 0.53 
465... 15.19 14.04 14.98 14.96 | 0.02 


| = 
| | | 
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TABLE 9—Continued 
Star Mp | Mr | Cr | Star mp mr Cr 
i 14.09 12.75 | 1.34 
Group C—Continued 13.64 11.92 4.22 
14.66 13.05 1.61 
a 13.64 11.92 1.72 
eee 13.92 11.94 1.98 
14.92 13 63 13.54 11.00 2.54 
15.76 14.75 1.01 562 14.37 1255 1 32 
15.11 15.16 | —0.05 14 28 1271 157 
15.06 13.42 1.64 14.27 1271 1 56 
15.76 14.90 0.86 14 82 13°17 165 
14.78 13.32 1.46 366 14.70 319 | 4181 
15.85 15.06 0.79 14.47 12.67 | 180 
14.69 12.90 1.79 13°73 11.87 | 
14.16 12.38 1.78 13 55 11.93 1 62 
15 50 14.84 0 66 | 13.92 12.13 1.79 
— 15 ol 15 09 14.67 13.01 1.66 
15.19 14.15 14.75 12.97 1.78 
13.77 15 03 (|| 14.71 12.95 1.76 
14.95 14.19 0.76 5616 14.75 13 20 
5617......... 14.33 12.70 1 63 
14.13 12.23 190 14.70 12.92 1.78 
14 66 12 82 1 84 5619 14 62 13.25 1.37 
4 14.75 13.01 174 14.67 12.92 1.75 
14:97 14:99 6500......... 14.70 12.95 1.75 
15 03 13 46 157 14.27 12.71 1.56 
= 14.67 13.06 1.61 
14.67 13.25 1.42 
Group D 14.02 12.55 1.47 
14.53 12.96 1.57 
14.06 12.68 14.17 12.70 1.47 
| 13.64 11.05 2.9 || 6599......... 14.68 13.46 1.22 
14.18 12.18 700 14.57 13.00 | 1.57 
| 13.12 1.59 668... 13.76 12.18 1.58 
| 13.07 1.64 669 14.03 11.70 2 33 
| 14.69 12.81 1.88 || 6610......... 14.60 12.92 1.68 
as | 14.31 13.19 1.12 6611 14.58 13.03 1.55 
| 13.71 11.98 1.73 14.32 12.51 1.81 
"io | 14.12 12.75 1.37 6613 14.73 13.05 1 68 
aes | 13.54 11.15 2.39 || 6614.........| 14.66 13.18 1.48 
14.02 12.14 14.52 12.80 1.72 
| 14.80 13.30 1.50 || 6616......... 14.57 12.99 1.58 
13.99 12.50 140 66f7......... 13.78 12.37 1.41 
10.93 2.61 11.45 9.92 1.53 
14.42 13.10 1.32 || | 


same number of plates and the same procedure were used in the determination of blue 
magnitudes for the remainder of the stars. The exposures in this case were 20 minutes 
long, and the maximum atmospheric extinction correction applied was 0.10 mag. 

The red magnitudes of the bright stars (a—c2) were determined from six plates of 5- 
minute exposure, while for the faint stars 30-minute exposure was necessary. The dif- 
ference in atmospheric extinction between cluster and field in no case was greater than 
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(0.01 mag. for the short exposures and 0.02 mag. for the long exposures. This correction 
was taken as one-half of the corresponding photographic extinction. The red magnitudes 


TABLE 10 
PROBABLE ERRORS 
Zones A, B, C ZonE D 
Blue Magnitudes Red Magnitudes Blue Magnitudes Red Magnitudes 
mp Range p.e. m, Range p.e. mp Range p.e. m, Range p.e. 
12-13 +0.02 11-12 +0.03 | 13-14 +0.02 11-12 +0.01 
13-14 03 12-13 .03 14-15 +0.03 12-13 .03 
14-15 03 13-14 OF | 13-13.46) +0.04 
15-16 +0.02 14-15 +0.03 | 


5A /08 Zone A 
42 Stors 68 Stars 
0 
Zone B Zone C 
JO% 77 Stors 88 Stars 
2OL 
/0 
0 


000 040 280 120 1/60 200 240 0.00 Q40 Q80 120 160 200 240 


Fic. 3.—Observed distribution of red indices in SA 108 and in zones A, B, and C of M 12. Limiting 
red magnitude, 15.18. 


of stars a, b, and c are somewhat uncertain, owing to the lack of bright stars of suitable 
magnitude in SA 108, The magnitude sequences are given in Table 7. 
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MAGNITUDES OF STARS IN M 12 


The field of the cluster was divided into three ring zones and a circular zone with 
center at the center of the cluster. Table 8 gives the boundaries of the zones in minutes 
of arc and their corresponding areas in square minutes. 

The determination of magnitudes for the stars in zones A, B, and C was made, as far 
as possible, with the Schilt photometer, utilizing the sequence stars for the calibration 
line. One setting on the star image was found sufficient, with two or more for the back- 
ground. When the images were too close to be measured with the photometer, an esti- 


Zone A Zone B 
50 % 25 Stars 57 Stars 
20 a 
/0 
0 
Zone C Zones A,B,&C 
30% 64 Stars 166 Stors 


0.00 040 080 120 /160 200 240 0.00 040 080 120 160 200 240 


Fic. 4.—Distribution of red indices in zones A, B, and C of M 12 corrected for field stars. Limiting 


red magnitude, 15.18. 


mate of magnitude was made either by comparing the images with near-by stars or by 
referring them to the standard stars when possible. Only a small percentage of the mag- 
nitudes was estimated. Two plates were thus measured for each magnitude determined; 
but, when the difference between the two measures was greater than 0.30 mag., addi- 
tional plates were reduced. The mean magnitudes are shown in Table 9. The numbers 
in the first row refer to the star numbers marked on Plates II and III. Thus, star 
No. 5103 refers to the third star in the square, the abscissa of which is 5 and the ordinate, 
10. Plate II shows a blue plate of M 12, scale 8738/mm, on which are marked the zones 
given in Table 8 and the réseau, to which the stars are referred in Table 9. Plate III 
shows the central region (zone D) of the cluster enlarged to a scale of 2770/mm. The 
same system of marking is employed as in Plate II. For zones A, B, and C we include 


all stars brighter than 15.18 red magnitude. 
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The determination of the magnitudes of the stars in zone D was obtained from direct 
estimates with the sequence stars. As a rule, the mean of two estimates made from dif- 
ferent plates constituted a determination, although in a number of cases three estimates 
were made. The limiting red magnitude in this zone is 13.46. 


No appreciable difference in the probable errors 
was observed for the magnitudes between the 
zones A, B, and C, and so Table 10 gives the re- 
sults for all three zones combined. The probable 
errors of the magnitudes in zone D are given 
separately. No marked difference in accuracy 
exists between the different magnitude limits, and 
thus the average internal probable error for all 
the stars may be taken equal to +0.03 mag. 


FREQUENCY DISTRIBUTION OF RED INDICES 
FOR M12 AND SA 108 


Since these two fields are only three degrees 
apart, it was assumed that the field stars of M 12 
have the same distribution as the stars in SA 108. 
In order to ascertain the probable number of field 
stars present in each zone of M 12, the stellar dis- 
tribution with respect to red index in SA 108 was 
secured from Table 6. 

Figure 3 gives the distribution of red indices in 
the Selected Area and in the three ring zones of 
the cluster. The red-index interval is 0.4 mag., 
the first interval being from —0.2 to +0.2 mag. 
Figure 4 shows the corresponding distribution 
corrected for the field stars. Although it is difficult 
to make the statement with certainty because of 
the small number of stars in zone A, it appears 
that the distribution in all three zones is similar. 
It seems, therefore, as far as the present data go, 
that the colors of the stars considered are not re- 
lated to the radial distance from the center of the 
cluster. The average of all three zones shows a 
deficiency of stars with red indices between 0.20 
and 0.60 mag. (intrinsic red index [C’,] 0.00 and 
0.40). This corresponds to the average red index 
of cluster-type variables, and thus it might sub- 
stantiate their absence.”! The number of early- 
type stars shown seems to be real and not due to 
field stars, since their number persists with the 
diminution of the areas of the different zones. 

Upon examining the distribution of stars 
brighter than m, = 13.46 we see that their 
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Fic. 5.—Distribution of red indices of 
stars brighter than 13.46 in M 12. 


distribution with respect to C, in zones B and C is about the same. Figure 5 shows a 
comparison between B and C, taken together, and D. From the foregoing and from the 
fact that the distributions of all the cluster stars measured in zones B and C are nearly 
the same, we may infer that the distribution for all the stars brighter than 15.18 red 
magnitude in zone D is the same as in the rest of the cluster. If we assume this, the 
estimated number of stars brighter than m, = 15.18 in the central zone D is 321. 


21 Harvard Circ., No. 437, p. 11, 1940. 


52 J. J. NASSAU AND J. A. HYNEK 


RED MAGNITUDES AND COLORS OF CLUSTER STARS 


In this discussion it seems advisable to omit the stars in zone A, since the majority 
of them are field stars. About 25 per cent of the stars of zone B are field stars, and about 


TABLE 11 
RED MAGNITUDE—COLOR ARRAY, ZONES B AND C 
M | 0.1 | 6.3 | OS} 0.7 1-13.14 | 1.3 1-15 1.9} 2.3 
0.1) 0.3] 0.5] 0.7} 0.9] 1.1] 1.3] 1.5] 1.7] 1.9} 2.1] 2.3 
Sums ...... 12 | 18| 3 18) 43) 41 | 22) 2) 1 
TABLE 12 
RED MAGNITUDE—COLOR ARRAY, ZONE D 
0.9 ic 1:3 1.5 2.1 | 
Me G 4a 204 1.7 2s | 
1 6 | 21 | 21 | 10 | 2/21 6 
TABLE 13 
FREQUENCY OF RED INDICES 
| 
00} 04 ]08 | 1.2 | 1.6] 20] 2.4 
02 106 | 18} 44 113 | 22 
Percentage... . 33 2 12 38 11 | 0 


5 per cent in zone C. The color-magnitude arrays of the two latter zones, however, show 
little difference, and they are combined in Table 11. The red index (C,) is given in in- 
tervals of 0.2 mag., with the mean of the interval shown in the table. The red magni- 


| 


MAGNITUDES AND COLORS 53 


tude (m,) is given in 0.4-mag. intervals, the values in the table marking the end of the 
intervals. The probable intrinsic red index (C’,) obtained from the assumed interstellar 
reddening is also given in the first row, and the probable red absolute magnitude (M,) 
is given in the first column. The survey is incomplete, with the regions of incompleteness 
i U 
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Fic. 6.—The color-magnitude diagram for M 12 


shown in italics. Table 12 gives the data for zone D, but here the survey is incomplete 
almost throughout the limits of this table. 

A hypothetical frequency function for all stars brighter than 15.18 m, in zones B, C, 
and D may be derived from this data after the effect of the field stars in zone B is sub- 
tracted. Table 13 shows such frequency, which further accentuates the number of early- 
type stars present. 
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THE COLOR-MAGNITUDE DIAGRAM 


This diagram (Fig. 6) contains two hundred and twenty stars, with twenty-four stars 
as the probable number of field stars. The stars of zone A have been excluded because 
of the large number of field stars present. The essential features of the diagram are the 
same as the color-magnitude diagram of M 13, which is also poor in number of variables 
present; but they are also similar to M 3”! and M 4,” which are rich in variables. As has 
been observed by Greenstein,” the richness in variables does not affect the appearance 
of the diagram. 

According to Schwarzschild,”! one ought not to find any nonvariables in a region (be- 
tween C; = 0.0 and 0.4 mag.) which is taken to be occupied by variables in the Hertz- 
sprung-Russell diagram. In our case there are eleven stars in this region, with four as 
the probable number of field stars. Whether or not remaining stars are variable we are 
unable to state at this time. The total absence of early supergiants is most evident for 
early-type stars. 

It appears that for a range in red index between C; = —0.4and +0.8 mag. the absolute 
magnitude remains the same. The diagram shows essentially two groups of stars, one 
of early type of constant absolute magnitude and the other of later type, increasing in 
luminosity with spectral class. The two groups meet at the point M, = 0 and C; = 0.75. 

Greenstein” finds that such groups exist in M 4, meeting at the same point. The two 
clusters are, however, dissimilar in the number of variables and the lack of supergiants 
in M 4 later than KS. It will be exceedingly interesting if this proves to be a common 
characteristic for the globular clusters. 
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PRELIMINARY COLOR INDICES FOR STARS OF 
LARGE PROPER MOTION 


WILLEM J. LUYTEN AND MARTIN DARTAYET 


ABSTRACT 

Approximate color indices are given for seventy-eight stars south of declination —48° having proper — 

motions greater than 075 annually. A preliminary discussion follows of the very rough color indices of 
other stars, with much smaller proper motions, found on the same plates. 


1. Through the kindness of Dr. Enrique Gaviola, director of the National Observa- 
tory at Cérdoba, Argentina, it became possible for the authors of the present paper to 
collaborate on a program for the determination of the colors of faint stars with large 
proper motion. This work constitutes an extension of the determination of provisional 
colors for large-proper-motion stars by Luyten with the Tucson 36-inch reflector, which 
program included all stars with motions in excess of 075 annually between the equator 
and declination —48°. The Cérdoba program aims at determining the color indices of 
all stars with proper motions exceeding 0"5 annually, brighter than photographic magni- 
tude 16.0 and south of declination —48°. The present paper gives the results for seventy- 
eight stars, mainly brighter than apparent photographic magnitude 14.0. 

2. As before, the color indices were derived from a comparison of one yellow and one 
blue plate. All yellow plates were taken by Dartayet with the Carte du ciel instrument 
at Cérdoba, on Eastman 103E plates with a No. 12 (minus blue) filter. These plates 
were then shipped to Minneapolis, where they were compared with direct-contact prints 
of the original blue plates taken with the 24-inch Bruce refractor of the Harvard Ob- 
servatory southern station. The difference in color index between the proper-motion 
stars and some ten comparison stars was estimated by Luyten directly to 0.1 mag. 
Allowance was then made for the mean color index of these comparison stars. The value 
of the correction ranged from +0.4 mag. for stars brighter than 11.0 pg. mag. near the 
galactic equator to +1.0 mag. for stars of magnitude 16.0 mag. in high galactic latitudes. 

3. As will be shown later, the color indices thus determined appear to be subject to 
an accidental mean error of not more than 0.3 mag. The question of systematiceerror 
is more vexing: the experience obtained at Tucson indicates that for stars situated in 
obscured regions the color index may come out 0.5 mag. too small, if such obscuration 
is not recognized. However, it is believed that in the absence of suitable spectroscopic 
equipment in the southern hemisphere the procedure followed by us will be of some 
value, in that it appears to be capable of pointing out those stars which are not ordi- 
nary red, main-sequence dwarfs. 

The real white dwarfs are usually unmistakable, while, furthermore, there appears 
to be a definite probability that stars of spectral class F, G, or K may be indicated in 
this way. While we do not claim any high accuracy for our methods and are conscious 
of the fact that several of the stars indicated to be of color class g or k may be ordinary 
M dwarfs situated in anomalous regions, we believe that the principal advantage of our 
method is that it will narrow the later spectroscopic searches for white dwarfs and stars 
below the main sequence to a comparatively small list of suspects. 

Table 1 gives the data obtained for seventy-eight stars. In order to save space there 
are given only the serial number for each star in Luyten’s catalogue,’ the apparent 


1“A4 Catalogue of 904 Stars in the Southern Hemisphere with Proper Motions Exceeding 075 An- 
nually,” Pub. Minnesota Obs., 3, No. 1, 1941. 
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photographic magnitude, the total proper motion, and the estimated color index. The 
probable white-dwarf nature of LPM 139, 274, 396, and 439 has been announced by us 
before (Harvard Announcement Cards, Nos.602 and 609). Further observations by Darta- 
yet to determine their color indices more accurately are already in progress at Cordoba. 


TABLE 1 

ie. 
LPM Mag. m (In Mag.) | LPM Mag. “ (In Mag.) 
3.2 | | +14. 13.6 | 0.57 | 441.1 
5.4 | 0.462 | 44.6 || a8%........ 13.3 | 0.59 | 40.8 
| eS 13.0 | 0.53 | 41.2 || 363........ 13.9 | 0.60 | 41.3 
| | S8........ 12.6 | 2.72 | 
| | 1 12.5 | 2.68 | -0.3 
14.0 | 0.52 | 41.5 || 435........ 12.8 | 0.84 | 41.4 
13.6 | 0.58 | 41.4 || 499........ 14.0 | 0.56 0.0 
13.6 | 0.72 | 41.5 |] 456........ 11.7 | 0.54 | 41.6 
1 4443 14.0 | 0.72 | 41.8 
Rae 13.5 | 0.79 | +1.5 || 535........ 13.4 | 050 | 41.0 
| | 13.1 | 0.50 | 40.7 
12.8 | 0.60 | 41.2 || 568........ 12.9 | 064 | 41.1 
12.4 °| 1.14 | +1.7 || 999........ 13.3 | 0.75 | 41.0 
are 14.0 | 0.67 | 40.1 || 608........ 13.6 | 0.66 | 41.3 
13.3 | 0.62 | +1.5 |] @9........ 13.5 | 059 | 41.1 
| O28 | 4.7 13.0 | 0.69 | 41.2 
| | 415 144.0 | 059 | 408 
12.2 1.20 13.5 0.69 | +1.2 
| 2.53 | 41.4 15........ 12.7 | 1.72 | +1.2 
re ee 14.7 | 0.80 | +1.4 || 657........ | 13.0 | 1.26 | +1.2 

} | 

| 

| | 14.7 | 0.67 | 41.2 
3.5 | 1.40 | 42.3 || op........ 13.4 | 0.80 | 410 
11.4 | 0.74 | 41.5 || @1........ 12.3 | 0.50 | 41.1 
206......... 34 1.46 | 44.3 13.8 | 0.50 | 41.7 
211... 13.0 | 0.52 | +0.9 |] 709........ 12.2 | 055 | 40.6 
13.1 | 0.85 | 41.2 
9:3 | 443 14.4 | 085 | 41.3 
2.7 | O76 | 408 | 736........ 123 | 0.83 | 41.3 
| | | 13.2 | 1.20 | 41.2 
3.2 | O47 | 414 |) 13.0 | 0.62 | 41.2 
4.0 | | 41.3 | 12.0 | 0.62 | 41.6 
254. . 13.6 | 0.93 | 41.0 |] 807........ 15.5 | 0.62 | +1.3 
12.3 | 0.68 | |} 820........ 13.7 | 0.57 | 41.5 
13.2 | | +1.2 || 836.......; 12.8 | 0.84 | +0.9 
See 150 | 2.05 | 40.4 || 847........ | 13.2 | 0.54 | +0.5 
| | 13.0 | 0.50 | 41.5 
13.3 | O64 | +1.1 || 886........ 11.6 | 0.52 | 41.1 
| ER 14.0 | 0.91 | 41.2 || 857........ | 140 | 0.64 | 41.4 

ee 11.5 | 0.57 | +1.4 || 

346.........| 13.5 | 0.57 | +1.5 | 


4. In addition to these four, attention may be drawn to eight other stars, viz., LPM 
211, 227, 351, 563, 621, 709, 836, and 847, whose color class appears to be k or whiter. 
While it might be possible that these constitute merely those cases where the accidental 
errors have all united to make the stars appear too blue, it is fair to point out that in all 
cases there are other stars in the field which appear to be much redder than the proper- 
motion star. Thus, in the case of LPM 836, a star which precedes by 15’ and is north by 
15’ appears to be redder than the proper-motion star by a whole magnitude. On the 
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TABLE 2 
L.C BE | I.C 
(In Mag.) BPM (In Mag.) Ben (In Mag.) | BEM (In Mag.) 
40.8 || 2772....... +0.5 
+1.1 || 2781....... +1.0 || 5343....... +0.2 || 8715....... +1.0 
+0.6 || 2792....... +0.3 || 5349....... +0.8 || 8720....... +1.0 
41.2 | 2795. +1.1 +0.6 || 8729....... +0.8 
+0.8 || 28i1....... +42 | GM... +0.8 
|| 2847 +0.9 || 5363....... 40.2 +0.2 
| 2962 +1.3 || 5370. 40:5 || +0.8 
+0.9 | 2982 44.2 40.7 || —0.3 
+0.5 | 3017 +0:9 || 40.8 || +0.6 
+1.0 | 3023 +1.1 40.5 || +0.2 
42.5 || 307.....<. || 5390....... 40.7 || 877....... +1.1 
+0.7 | 3049... +0.9 || 5408....... +0.3 || 8795. +0.2 
+0.9 | 3058... || 5413 +1.2 
41.2 || 3060... 41.0 || 5414....... +0.8 || 8840....... +0.8 
+1.0 | 3066... +0.2 || 5415 +0.9 || 9388....... 41.1 
+0.4 41.1 +0.7 || 10224....... +0.7 
+1.3 3076. 40.8 || +0.5 || 10244....... +0.9 
40:5 || 30M....... 41,2 || 5442....... +0.3 || 10265....... +0.3 
+1.1 41.0 | +0.7 || 10266....... +0.7 
+1.0 | 3130. +0.9 || 5458....... +0.9 || 10280....... +0.5 
+0.9 3139.00... +0.8 || 5463....... +0.5 || 10286....... +0.7 
+1.3 3158. +0.8 || S471....... +0.8 || 10298....... +1.0 
+0.8 | 3163. +0.3 || 10302....... +0.8 
+0.6 || 3528....... +0.6 || 5494....... +0.2 || 10305....... -+0.7 
+1.0 41.0 || 5497....... +0.3 || 10318....... +0.9 
+1.0 || 3541....... 44:2 +0.1 || 10321....... +0.9 
44.0 || +0.8 || 5499....... +1.0 |} 10350....... +0.7 
+0.7 || 3646....... +0.5 || 7036....... +0.6 || 10372....... +0.5 
+0.3 || 3664....... +1.6 || 7075 +0.4 | 10379 +0.5 
+0.7 | 3670 +0.7 || 7081....... +0.9 |) +0.9 

| 
40.6 | 3938....:.. +0.5 || 7092..:.... +0.6 || 10422....... +0.7 
+0.4 || 4772 +0.2 || 10425....... +1.0 
+10 4815 41.0 | 7125. +0.4 || 10438....... +0.7 
+0.9 | 4837 40.8. +0.5 || 10440....... +0.6 
+0.6 | 4852 Ct: +0.5 || 10452....... +0.4 
+0.8 | 4885 40.6 || 7952....... +1.1 |] 10459....... +0.9 
+1.3 | 4901 +1.2 || 10463....... +0.7 
+0.6 || 4924....... 46.8 +1.2 || 10469....... +0.7 
+0.5 4932 +0.6 || 8014....... +0.6 || 12881....... +0.7 
+0.6 «| 4956 +0.4 || S611....... +0.7 || 12890....... 41.2 
40:8 |} 40.5 || +0.8 || 12919....... +1.0 
+0.5 || 5290....... +0.7 || 8631....... +0.6 || 12962....... +1.0 
40.6 | 5291 40.8 || 8635....... 41.2 || 12963... 41.1 
+0.5 || 5295....... +0.4 || 8639....... +1.0 || 13531....... +0.5 
41.0 | 5315. +0.6 | 8641....... +0.5 || 13575 +0.6 
+1.3 || $318. +0.5 || 8644....... +0.7 || 13576....... +0.8 
+1.0 | 5320. +0.3 || 8648....... +0.5 || 13599....... +0.9 
44.2 1 +1.1 || 8675a...... +1.3 || 13604....... +1.0 
+0.4 | 5323. | +0.6 || 8682....... +0.9 | 13605.. +1.0 
41.0 | 5329. | +0.4 || 8684....... +0.5 || 13667....... +0.9 


BPM | 
| 
| 
1944....... 
2100....... 
2103....... 
| 
2476.......| 
3679....... 
2495.......| 
| 
| 
2535.......| | 
| 2540... 
| 25@.......| | 
} 
‘2552 
| 
2559....... 
2584....... 
..... 
2598....... 
| 2757......| 
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TABLE 2—Continued 
EC. EC. 
wens (In Mag.) BPM (In Mag.) BPM (In Mag.) sre (In Mag.) 
+0.6 17585.......| +0.8 +0.7 +1.1 
+0.5 +0.9 18807....... +0.5 +0.8 
14457.......| +0.8 17610.......| +0.8 18841.......| +0.8 24226.......| +0.8 
14488....... +1.2 +0.7 18851.......} +0.9 +0.9 
ae +0.5 17643 +1.0 18869....... +1.3 1 +0.3 
14580....... +1.3 +1.5 +0.8 24261 +0.7 
14608 ....... +1.3 17760.. +0.9 +1.0 +0.7 
14852... +1.1 +1.2 19961... +0.7 +0.9 
14881... +1.0 17776.. +0.7 19988....... +1.1 24303 +0.8 
14909... +0.9 17780 +0.6 19990....... +0.9 24304....... +0.8 } 
+1.0 17783 +1.5 +0.9 +0.2 | 
15266... +0.4 +1.7 +0.8 24445... +0.9 
15267... +1.1 +0.9 20053. . +1.2 24461 +0.8 
+1.3 +1.2 +0.7 24495....... +0.1 
+1.4 +0.7 20083. .. +0.3 24499 +0.7 
15435.. +1.3 T1809... +1.1 20095... +0.9 +0.3 
15455... +0.5 +0.7 +0.7 24509... +0.2 
15494....... +0.7 45002. ...4.. +0.5 20016... +0.5 +0.5 } 
15499....... +1.0 18007. . +1.0 +0.8 +0.7 
15506... +0.7 13008 +0.9 +0.6 +0.7 
15538... +1.1 +1.0 +0.3 24528 +0.4 
+1.2 18019 +1.3 +0.8 24543 +0.4 
16109....... +0.5 +1.1 20160... +0.2 +0.4 
+0.8 +1.0 20173... +0.7 +0.8 
16127... +1.0 +0.9 +0.5 24568....... +0.8 
16202... +1.5 +0.8 +0.5 || 25048... +0.6 
+0.5 +1.1 20343... +0.5 +0.8 
16254... +1.2 +0.5 +0.7 +0.3 
16267 +1.1 +1.2 +0.3 ||} 25099....... +0.7 
oo, +1.0 18433 +0.2 || 20434... +0.3 || 25100....... +0.6 
1G278;...... +1.2 +0.8 20439... +0.5 25101... +0.6 
+1.2 18455... +0.8 20690... +0.7 +0.6 
16308... +1.2 18464....... +0.7 20717... +0.6 ‘ot +0.8 
16311... +1.2 +0.4 20734... +0.5 +1.0 
16313... +1.2 +0.5 20746. .. +0.7 25134... +1.0 
+0.6 18470... +0.2 | +0.4 25135 +0.4 
+1.0 || 20818 +0.9 || 25141 +0.5 
16332....... +0.6 || 20827 +0.5 || 25147....... +0.4 
16336....... +0.5 || 18474 40.8 || 20833... +0.3 || 25148....... +0.3 
16337....... +1.2 |] 18475....... +0.2 || 20857 +0.9 || 25151....... +0.8 
16340....... +i.3 || +1.1 || 20868....... +0.3 || 25167 +0.6 
17100....... +1.2 |} 18483... +0.3 || 20875....... +0.9 || 25177....... +0.8 
17106... 41.1 +0.9 || 20876.. +0.9 || 25182....... +0.8 
17109... +1.1 |] 18586....... +0.9 || 22778. +0.2 | 25183....... +0.6 
17140... +1.2 +0.9 | 22823. . | +0.8 25184 +0.9 
+0.4 18600........ +0.4 || 22824....... | +0.9 +1.1 


| 


~ 
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TABLE 2—Continued 


Lc. Lc. LC. LC. 
BPM (In Mag.) icine (In Mag.) aaa (In Mag.) = (In Mag.) 
25187 +1.1 +0.9 27083....... +0.4 +0.9 
25200 +0.4 26694....... +1.0 +1.1 +0.7 
25901. . +0.3 +0.2 +0.8 
25907... +0.6 26766....... +1.1 +1.3 
25929... +0.4 26768....... +0.4 +1.3 
25949. . +0.7 +0.7 +1.2 


other hand, preliminary estimates of the magnitudes of the proper-motion star made at 
Harvard give: 11.40 pv. and 13.20 pg., indicating a color index of +1.8 instead of +0.9 
as given here. 

5. The area of the Cérdoba plates amounts to more than 2 square degrees. In addi- 
tion to the central large-proper-motion star there appear, therefore, a number of other 
stars on these plates which had been found in the Bruce Proper Motion Survey to possess 
an appreciable proper motion. While the large majority of these stars are of no individ- 
ual interest, their number is large enough to offer statistical possibilities. Accordingly, 
the color indices of these stars were estimated in the same way as was outlined above. 
The proper motions of these stars vary from 07020 to 07490 annually, but it should be 
added that the values of these proper motions were not looked up until after the esti- 
mates of color had been made. Consequently, the observer was not biased by the knowl- 
edge of whether to expect a very red or only a yellow star. The values of these approxi- 


TABLE 3 
Spectral Mean I.C. | No. of Spectral Mean I.C. | No. of 
Class (In Mag.) Stars Class (In Mag.) Stars 
+0.92 4 |) +0.83 3 
+0.93 3 


mate color indices are given in Table 2, where the stars have been identified only by 
their BPM numbers, as taken from the General Catalogue of the Bruce Proper Motion 
Survey, Parts A, B, and C. For twenty-nine stars north of declination —50° no BPM 
numbers have as yet been assigned; these stars have consequently been omitted from 
Table 2, but their data have been included in the discussion. 

6. For fifteen stars HD spectra are known; the relation between these spectra and 
colors is given in Table 3. While it appears from this that there is no serious systematic 
error in the present color indices, it must not be overlooked that these stars with magni- 
tudes between 7.9 and 11.3 pg. are much brighter than the average and the same need 
not therefore be true for the other stars. 

7. Next the stars were divided into groups according to the value of their reduced 
proper motion H = m + 5 +5 log uw, and the mean color index was determined for each 
group. The results are given in Table 4. There is a significant increase in mean color 
index with increasing H, as there should be. From the relation between H and M we 
should expect main-sequence stars with H = 11.5 to be GO dwarfs with a color index 


| 

| 

| 
; 
| | 
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around +0.7 and stars with H = 16.5 to be MO dwarfs with an average color index of 
perhaps +1.3. If we consider that at least some of the stars included here may be 
whiter than the average star of the same absolute magnitude, we may say again that 
there appear to be no serious systematic errors in our colors. From the three most 
numerous groups we find an accidental mean error of 0.31 mag. for a single estimate of 
color. 


TABLE 4 
No. of No. of 
Limits for # A (In Mag.) Stars | Limits for H a (In Mag.) Stars 
10.2 +0.66 29 || 13.8-15.7..] 14.7 +0.87 115 
10.8-12.2... + .71 106 | 16.6 +1.18 38 
12.3-13.7...] 13.0 +0.74 172 
TABLE 5 
| 
BPM a (1900) 5 Mag. m p | EC; Remarks 
3h35™4 — 68° 54’ 13.6 0.091 148° +0.2 
72 36 14.8 107 23 + 4 
61 25 14.9 045 277 + 3 
‘(a 11 39.5 64 44 14.8 329 232 + 7 
BIOL. «663s 14 03.3 61 09 16.6 062 203 + 4 
BI. 625 ots 14 05.7 61 49 15.0 105 236 + 3 
a 7 16.0 51 48 13.9 066 357 + 3 
...... 8 07.9 52 14 084 324 + .1 CPD —52:1400 
oo} 10 23.8 51 06 12.0 092 271 + .3 CPD —50:3468 
20160....... 10 30.9 51 18 14.2 066 331 + 2 
oS ee 16 25.9 52 46 13.0 217 193 + 3 
0 17 42.4 57 20 13.8 139 194 + 3 
a 10 20.5 49 03 14.5 038 335 + 3 
L 320-401....... 10 24.1 49 28 13.0 194 237 | + 2 
L. 338-100. ...... 16 13.0 48 04 13.0 166 233 | + .1 Cape Faint Stars 
| Catalogue, 12.8 
a 14 02.5 66 13 15.6 .064 329, | — 3 
a 18 42.1 —56 48 16.4 0.338 171 +0.3 


8. Finally, sixteen stars which appear whiter than expected may be singled out for 
individual attention. Data for these are given in Table 5. It may be added that for 
BPM 8752 the proper motion may well be spurious, while BPM 25901 is at the limit of 
visibility on the Cérdoba plates and its color index consequently uncertain. It is hoped 
that among the other stars there may be at least a few which will prove to lie below the 
main sequence, but further and more precise color observations and parallaxes will be 
required to establish this. 
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MICROPHOTOMETRY OF SOLAR LINES, AA 3530-3915 
Joun G. PHILLIPS 


ABSTRACT 


Seven solar spectrograms, covering the region AA 3530-3915, made with the 75-foot spectrograph of 
the 150-foot tower telescope at Mount Wilson have been traced. From the tracings, measurements 
have been made of the equivalent width, degree of blending, and the central intensity, with respect to 
both the local and the true backgrounds for 1135 lines. 


The seven spectrograms upon which this study is based were made by Dr. G. F. W. 
Mulders at the Mount Wilson Observatory with the 75-foot spectrograph of the 150-foot 
tower telescope. They have been described by Blitzer' who used them for a determina- 
tion of the sun’s excitation temperature. The spectral region covered extends from \ 3530 
to \ 3915 with two gaps from A 3615 to \ 3620 and from \ 3685 to d 3715. 

Tracings were made, with the Moll microphotometer of the Steward Observatory, 
with two magnifications of the microphotometer. The linear dispersions of the tracings 
were 125.4 and 11.54 mm/A, respectively. Since this region of the solar spectrum is very 
heavily absorbed by a number of the ultimate lines of Fe 1, the true continuum had to be 
approximated from the points of maximum intensity on the low-magnification tracings 
and then transferred to the high-magnification tracings. 

Measurements were made of ali lines which were not either too badly blended or too 
faint for accurate measurement. For lines in the wings of heavier lines, the local back- 
ground was drawn in as closely as possible and the equivalent width determined with re- 
spect to it. In addition to the equivalent width, a quantity r was measured, defined as 
the ratio of the intensities of the local and true backgrounds of each line. The central 
intensity of each line with respect to each of the backgrounds was also determined. 
These four quantities were measured for 1135 lines. Since a number of the plates over- 
lapped, most of the lines were measured at least twice. In all, 2477 measurements were 
made. 

The first two columns of Table 1 give the wave lengths and Rowland intensities of the 
lines measured, from the Revised Rowland. Then are tabulated in order the equivalent 
width in milliangstroms, the quantity r, and the central intensity of each line with respect 
to both the local background and the true continuum. 

In later papers this material will be used for a statistical study of Rowland intensities 
and for a determination of the abundance of Fe 1 in the solar reversing layer. 

This work was done while the writer held a solar-radiation fellowship in the depart- 
ment of physics of the University of Arizona. I am indebted to Dr. F. E. Roach, who 
suggested this problem, and to Dr. E. F. Carpenter for permission to use the Moll 
microphotometer of the Steward Observatory. 


1 Ap. J., 91, 421, 1940. 
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TABLE 1 
INTENSITIES OF SOLAR ABSORPTION LINES 
cl. 
W.L W(mA)| W.L. R.I. W (mA)! r 

Local | True Local | True 

co 1 21 0.77 | 0.80 | 0.62 || 3556.804....... 4 220 0.86 | 0.31 0.26 
—2 2.9 83 -92 .76 -1 .88 .92 
44 78 72 1 20 78 .76 .60 
3 63 82 59 8 508 1.00 .24 .24 
35.413. + 64 72 60 .43 1 26 61 Py -46 
3 50 78 60 -47 1 28 .78 
—1 9.1 81 89 3 71 . 88 .50 
7 164 81 41 0 18 .82 .76 .62 
36.964. 8 80 94 .76 13 .82 .67 
1 21 83 82 . 68 | 2 .82 .94 .78 
ok 2 32 70 73 Sa ee 4 50 .78 .54 43 
3 32 56 .76 .43 1 49 91 .58 
37.904. 4 80 85 .50 .42 3 34 .70 .62 44 
1 48 79 64 .50 1 16 .74 .78 .58 
2 48 81 65 ON 5 .82 .93 .76 
1 17 86 83 71 26 96 .69 
8: : eee 5 68 89 58 51 62.927 ON 28 97 .79 .76 
St 3 108 94 43 41 63.160 -—2N 11 96 .89 86 
7 216 92 37 .34 63.404 —2N 5 1.00 
6 232 90 37 .33 63.612 11 94 82 
19 57 78 .45 63.790... ..... —2N 9 .93 .90 .83 
| —1 43 87 74 .65 4 59 .90 47 
2 44 85 70 .59 3 49 .55 .40 
2 38 88 66 .58 -1 4 .62 .94 .58 
3 54 92 62 .56 4 50 a .58 .30 
1 33 94 70 .70 4 30 .76 .26 
3 54 96 62 .60 0 3 .54 .94 
—2 18 88 . 88 .78 65.973... 1 16 .78 .40 
4 55 90 2N 22 .39 .80 31 
0 20 70 88 .62 10 254 71 ont 
5 132 93 45 1 19 .81 41 
3 75 94 55 son 2 80 .89 .48 .42 
1 31 94 65 61 1 45 88 61 
-1 8 96 91 .88 4 80 .83 .42 36 
-1 27 96 90 .87 14 .87 . 84 
0 5 87 94 .83 -1 12 .79 88 .70 
5 41 64 63 41 3 44 .58 .44 
5 87 87 42 .34 —1 4 .80 .92 .74 
-1 36 90 79 3 62 .80 42 
49010. 2 34 92 67 .60 |” 4 52 .69 .36 
1 22 92 80 .73 5 129 . 36 .20 
0 6 90 96 . 86 4 18 .78 
—1 5 99 94 .93 0 7 .69 91 .62 
3 54 95 56 .52 3 36 .89 .59 
1N 21 90 83 .74 |. -1 3 .76 .95 ae 
4 54 86 56 .49 2 20 58 71 .42 
er —2d 4 88 95 . 84 71.876 6 200 77 Be ae 
1 33 90 75 .64 —3 2 .76 .95 .74 
4 119 92 55 4 133 34 .23 
1 8 72 89 . 64 8 . 84 .89 .76 
1 48 92 64 59 IN .98 .69 
2 54 97 64 56 48 . 88 on .50 
0 23 96 77 73 9 .60 51 
1 53 .90 51 0 35 91 .62 
5 159 94 .39 37 1 54 .99 
PPPOE 1 7 57 92 .60 74.806. 0 16 .80 .81 .65 
-1 7 81 92 5 44 .69 .56 .38 
53.484. 3 61 80 56 3 18 By .42 
5 80 78 51 .39 3 28 | .70 
5 64 82 $1 .41 2 85 .90 . 38 34 
3 70 72 55 .40 16 .96 .80 .76 
1 58 86 4 73 .94 44 
9 381 93 .25 4 102 .97 .36 
2 40 88 . 68 2 92 .98 44 44 
55.948. —2d? 6 0.92 | 0.94 | 0.87 76. 864 1 10 0.62 | 0.84 | 0.52 
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TABLE 1—Continued 


ci | 
W.L RE. W(mA)| W.L. RI W(mA)| fr 

Local | True Local | True 
yh. eee —2 5 0.96 | 0.92 | 0.88 || 3593.795 —2 8 0.74 | 0.90 | 0.66 
1 24 94 72 .67 —2N 20 79 .81 64 
77.466 1 28 94 72 .68 (6 ae 6 86 76 -42 32 
5 89 83 40 .38 3 53 77 .48 36 
oe 1 11 68 86 .58 oe 1 42 82 .60 48 
-1 2 70 95 .68 2 46 .85 .52 44 

4 31 58 68 .39 —2 10 .94 . 86 
SS eee 10 266 68 37 .25 ot, 1 26 . 84 66 56 
—2N 4 82 94 .78 4 46 .69 53 35 
1 22 77 79 .60 1 48 .92 52 48 
2 30 70 73 .58 0 16 .94 .80 74 
—1 3 62 93 .58 5d? 79 .93 44 41 
IN 16 58 83 .49 8 “168 .90 .30 27 
80.413 1 13 48 87 42 ey Se 1 44 .95 .60 58 
1N 5 42 92 .38 1 39 .87 .57 50 
5 22 27 .78 21 2 48 .75 42 
= Saree 30 1885 1.00 .16 .16 99.146 2 62 88 .48 42 
81.666 2 17 31 80 8 87 .90 66 
2 11 32 85 3 54 91 .50 45 
1 17 39 82 . 84 1 38 90 .60 54 
5 18 39 73 —3N 4 93 94 36 
2 47 58 60 34 50 94 48 45 
2 8 44 90 37 8 95 90 89 
82 3 74 62 §2 33 OO ere —2 11 92 88 81 
5 68 59 54 32 0 32 89 63 57 
3 48 60 59 .36 1 34 .90 46 
3 41 56 65 3 67 .78 41 32 
84.318 —2 6 71 94 .67 4 48 .69 33 
2 18 46 76 41 97 67 -42 28 
6 149 61 34 —3 32 93 66 62 
5 24 40 03.098 1 19 .76 48 
6 26 42 .67 03.211 5 121 .89 .36 32 
5 17 22 . 83 1 48 .93 49 
2 10 30 84 .25 1 45 94 .62 58 
eee 6 158 43 .40 “35 04.379....... 2 34 .79 .60 48 
86.119 4 84 49 42 an ay) ae 1 40 89 -46 40 
5 56 92 .56 04.934.. —2 4 48 91 44 
86.545 48 53 59 -1 11 52 .88 50 
86.751. 3 28 39 .66 .26 Ss eee 5 12 34 . 86 29 
8 227 52 ia 05.917... 1 34 76 .62 49 
ee 3 58 60 48 28 ee —2 6 76 91 69 
87.761 5 68 58 48 54 06.379. 0 17 80 76 61 
/ "re 6 77 60 42 25 06.855. 1 13 63 81 52 
88.123 —2 58 96 56 6 89 90 85 
88.247 0 16 58 80 46 Gaia wna ns 3 49 87 50 45 
eee —1 59 86 50 08.011.. 43 73 66 48 
ae 4 100 60 43 25 08.156... 4d? 44 60 53 32 
88.926....... 2 50 59 53 31 08.492.. 30 44 72 31 
OA ee 4 189 1.00 33 33 se 20 972 1.00 19 19 
| re 2 48 57 54 30 09.329... 5d? 37 50 60 30 
re 5 43 45 .49 .24 oe 2 70 81 .52 42 
89.768 5d? 66 53 .28 —2N 10 81 74 
89.969. 6 54 89 .48 5 177 .80 .30 24 
1 22 56 .70 .39 2 10 .38 .58 22 
2 110 74 .30 a 4 78 53 24 
90. 663 -1 12 76 85 3 76 86 40 
91.009 1 38 86 .60 ae 11.051 2 34 78 $a 44 
2 39 74 .58 43 . 1 18 78 ta 56 
91.489 2 36 76 .59 .44 0 15 90 69 
2 64 90 41 —1 9 89 .82 74 
1 36 84 .62 .52 2 42 .89 .59 52 
3 56 81 49 .40 -1 10 86 .84 72 
0 29 78 64 .50 4 70 89 -43 38 
0 21 73 73 .54 —2 5 90 .94 85 
93.496 9 247 0.75 | 0.23 | 0.18 52. 780%: 6d? 164 0.96 | 0.40 | 0.31 
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TABLE 1—Continued 
W.L. R.1. W(mA)|} 7 W.L Ru; W(mA)|} 

Local | True Local | True 

ha) 3 34 0.79 | 0.58 | 0.46 || 3638.606....... -3 4 0.98 | 0.96 | 0.93 
2 86 .94 46 43 38.906 —2 14 .99 86 
2 31 62 0 19 .95 .80 .76 
2 23 | 73 1 40 .96 64 .62 
4 110 49 .34 > 2 43 .93 .58 .54 
2 36 .89 60 53 6 89 .92 .46 42 
2 53 .89 55 49 —2 4 .92 .94 
2 18 .56 77 44 1 28 .95 . 68 
19.938. 1 12 .61 86 53 4 75 .92 .48 
0 16 91 58 1 14 . 68 .54 
a 26 .74 70 50 1 21 .86 .70 .60 
3 72 .89 53 46 -1 12 .89 . 83 .73 
1 54 .88 63 55 —2N 6 .90 .92 .82 
6 59 .63 57 36 5 . 86 .92 .80 
2 36 .76 61 46 -3 2 .87 97 84 
6 72 .80 46 37 7 130 .62 .28 
—2 8 91 86 —2 12 .74 
5 111 .92 46 40 44.418 5 82 84 .40 
2 47 .79 56 44 3 56 ata 36 
23.786. 4 60 .79 49 39 See 0 6 . 66 .89 a | 
1 6 .59 90 53 45 083 2 38 .74 | 42 
3 60 .64 53 34 3 94 .74 .47 34 
3 36 .66 61 40 a 74 .90 
eee 1 11 .65 &4 55 45.828 4 47 .89 .47 .42 
5 55 .75 51 38 —1 14 .80 -82 . 66 
25.502. 1 31 .96 72 69 46.197 1 30 .89 .63 .59 
25.754. —2 10 94 88 82 46.619 2 28 .82 .65 .54 
0 43 .98 67 65 46.989 2 30 .73 .66 48 
1 33 94 67 63 47.096 0 12 64 
2 42 .96 61 58 4 34 .50 32 
+f rrp 2 40 94 62 .59 47.852 12 1042 1.00 20 20 
4 63 .92 46 42 0 16 .76 .79 61 
2 50 90 54 49 1 29 82 .65 
—2N 4 .88 95 84 49.299 4 132 1.00 38 
12 . 83 86 71 49.512 5 72 .69 .42 .29 
2 77 .96 56 54 49.699..... -1 9 
2 72 95 56 54 1 24 .69 . 68 47 
oe -3 4 .89 92 82 Sar 4 56 . 68 .49 34 
29.353. —2N 12 .95 90 84 5 53 .48 .34 
1 35 .90 65 58 2 67 47 
1 19 .78 76 .58 7 92 36 27 
1 24 72 51.655 1 16 57 80 46 
30.235. 0 12 75 86 64 51.801 4 31 56 62 35 
re 4 46 wa 47 34 52.261 -1 12 94 86 £0 
3 97 .58 40 .24 3 52 95 50 48 
| Sa 2 18 41 75 30 53.353 1 26 86 70 58 
OS eee 15 1257 1.00 21 21 §3.502 5 59 79 48 38 
-1 7 . 68 90 53.762 2 32 79 61 48 
3 47 52 41 54 447 10 88 86 76 
1 46 62 50 54.599 2 42 60 52 
i: ae —1d? 18 .78 84 65 55.004 2 47 94 60 57 
33.653. -—2 5 .79 92 73 55.220 —1 10 . 84 4 .70 
4 65 86 42 36 55.356 3 65 53 
4 53 .62 53 33 55.662 3 96 .93 42 .40 
gs Se 3 57 . 66 52 34 55.862 -—3 7 91 90 .82 
2 25 .58 68 39 3 101 .97 40 39 
Oe ere 4 44 Ry i 59 38 56.358 1 36 .89 76 54 
-1 10 . 88 89 78 §6.549..... —2 6 .93 92 
Se 2 91 .89 42 37 56.966 0 18 91 77 .70 
2 63 . 84 49 41 2 44 .89 .54 48 
1 36 .82 63 57.424 1 32 93 .65 61 
2 eee -1 12 .95 86 82 57.712 IN 43 .92 67 .59 
0 34 68 64 3 49 74 .55 41 
4 35 64 45 1 74 96 48 46 
ON 3 140 0.98 | 0.36 | 0.35 58.551 1 32 0.96 | 0.64 | 0.61 
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W.L. R.I. W (mA)! r W.L RI. W (mA); 

Local | True Local | True 

CO 5 57 0.85 | 0.49 | 0.42 || 3680.390....... 2 32 0.78 | 0.64 | 0.50 
5 59 3 61 .82 .48 .39 
—1 29 .74 .70 4 25 .50 .64 .32 
2 25 86 .67 .58 3 55 .82 .52 .42 
2 28 -92 -65 .60 2 33 .60 | 
—2N 9 .93 .90 .83 35 .85 .60 aa 
3 48 .98 .56 .54 3 48 86 .56 
Sa 3 44 .93 .54 .50 81.885. 0 12 .82 .81 . 66 
5 79 91 .40 —1N 4 . 68 .96 
—3 3 .88 .94 .83 82.671. ON 18 .73 . 84 .60 
4 70 47 83.066. 3 124 .75 .36 .27 
—3N 16 94 . 80 .76 83.093 4 115 .76 .37 .28 
2 15 . 66 .76 2 .74 .96 .70 
5d? 134 .93 . 36 83.624. 2 30 .74 .68 .51 
—2N 12 .85 . 84 84.124. 7d? 100 .70 .40 .32 
—1N 22 95 .76 10d? 160 .90 .39 .34 
65.725 —1 20 1.00 .78 2 29 .59 .70 .39 
3 .93 .94 .87 4 127 .78 .46 .32 
3 56 .82 .42 3 41 .73 .44 
1 43 .90 .58 —3N 4 .78 .94 
—1 11 .79 81 -65 7 104 .79 .37 
3 33 .62 49 1 .82 .96 .79 
3Nd? 68 44 4 .93 .94 .89 
67.262 4 70 .90 45 43 2 25 .90 .69 .64 
—2 6 .98 .92 .90 17.837. 0 9 91 .87 .79 
4 68 97 —2N 3 91 .96 .88 
68.218 3 44 .92 .53 .49 18.153. ON 26 . 88 .78 .73 
-1 11 .93 84 .78 4 38 .76 . 66 .46 
68.970 1 27 84 .62 .52 18.932. 1 42 .67 . 64 43 
69.245 4 49 .74 Se 38 19.949. 40 2104 1.00 .30 .30 
4 54 .70 52 .37 3 10 .46 .82 .37 
1 27 .90 66 .58 4d? 28 .65 .35 
69.840 —3N 4 .90 .92 . 84 3 37 .62 .67 -42 
70.818 4 61 .95 .50 .47 2 18 .59 .74 
73.277 0 22 .99 sta 71 22.238. 1 12 .56 .84 
0 30 .99 6 735 1.00 3 31 
71.683 3 44 .55 1 10 .76 86 .65 
71.948 —3 3 1.00 .96 0 11 .79 .92 .73 
72.125 —2 7 00 .90 .90 1 16 .82 .80 
72.317 —3 4 1.00 96 24.387. 6 65 .80 
72.466 -—2 11 .99 85 84 1 22 .80 .57 
72.713 3 49 99 .57 .56 1 29 .82 .72 .60 
73.088 3 68 .99 on 25.160. 1 20 .82 .72 
73.227 ON 27 .93 68 0 3 .83 .95 .79 
73.427 —2 14 .92 .82 .76 3 36 .85 .63 
73.684 —1 14 94 an 0 10 .87 .92 .79 
73.889 2 35 .88 .62 .54 0 13 . 86 .83 
74.414 2 34 94 .60 .56 26.922. 4d? 101 .80 43 .34 
75.000 —3 3 98 92 3 60 66 .34 
75.295 1 26 .95 .74 .70 1 18 .54 .85 -45 
75.450 -1 12 94 .85 .80 27.636. 4 525 1.00 .30 .30 
75.690 1 38 97 68 66 cane 2 24 45 .74 .38 
75.977 —2 9 94 84 2 14 .69 .80 
76.323 6 54 .96 46 41 ON 14 .79 . 86 .68 
76.563 2 33 86 .59 -1 21 .92 .85 .78 
77.319 4 80 41 .39 2 37 .88 .59 .52 
78.101 —2N 3 72 94 68 28.956. 1d? 43 .87 . 68 .60 
1INd? 26 78 0 8 .98 .90 .88 
78.870 4 70 92 46 42 29.526. —1 4 1.00 .94 .94 
79.003 2 78 .62 46 50 .92 .56 .52 
79.113 —2N 3 74 94 .70 -1 8 .90 .88 .78 
1 22 84 60 3 134 . 88 .46 .40 
79.540 1 12 71 81 .58 1 47 . 80 .58 .44 
79. 686 1 16 58 .78 | .44 3 48 .78 .50 .42 
9 514 1.00 | 0.30 | 0.30 -1 3 0.77 | 0.95 | 0.73 
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66 JOHN G. PHILLIPS 
TABLE 1—Continued 
GE. 
W.L. W (mA) r W.L R.I. W (mA)| r 

Local | True Local | True 
hs < 0 § 0.69 | 0.91 | 0.64 |] 3753.342....... 1 30 0.84 | 0.66 | 0.60 
3 46 .89 55 49 6d? 85 .84 49 .42 
—1 5 . 84 92 78 5 91 .93 84 
2 .85 96 82 53 .88 .50 44 
0 4 .62 92 65 55.136 0 6 .98 .92 .90 
32.037. 25 .76 66 50 1N 20 .95 .76 By 
6 73 .70 49 34 -1 11 94 .90 
i. 2 29 .69 64 44 56.074 3 45 .98 .54 .53 
33.332. 7d? 213 .58 34 20 1 14 81 .82 . 66 
1N 14 .30 90 32 2 28 .63 41 
1 61 41 91 38 57.686 4 56 . 36 
40 2575 1.00 29 29 15 1048 1.00 
Pe 4 21 .34 76 27 59.301 12d? 239 .81 36 .33 
0 29 84 46 0 3 61 .57 
30 1269 1.00 27 27 1 12 .81 .58 
3 65 .69 48 34 5 57 .80 49 .40 
1 12 .70 80 56 1 11 .80 .85 .70 
—1 2 .85 94 79 4 52 81 .50 .40 
45 83 58 48 7 146 .79 .40 31 
3 94 35 27 1N 21 . 83 .76 .63 
1 8 86 47 61.876 3 45 . 88 61 
oS eee 3 53 .82 53 44 62.212 2 68 .80 .54 43 
1 23 .89 74 64 1 15 .90 .79 .70 
3 39 .93 60 56 63.010 23 .79 .74 .58 
3 83 . 89 50 43 63.573 1 6 .36 91 32 
4 54 .96 57 10 775 1.00 .29 
1 34 91 66 .60 1 7 .90 .42 
4 71 86 47 40 1 10 .85 .46 
1 36 .86 66 58 -1N 3 .70 .96 66 
3 79 .92 50 .46 0 5 86 .76 
1 31 .78 66 6 140 .96 41 .35 
re 6 469 1.00 21 21 65.712 1 56 .89 .54 .49 
1 22 .70 71 50 66.096 40 .90 .60 .54 
2 29 .74 64 47 66.459 -1 2 .78 .96 
4 75 .81 $1 41 3 38 
1 42 . 83 64 53 66.822 1 16 
8 943 1.00 29 29 & 788 1.00 .29 .29 
6 31i . 66 39 26 67.652 0 13 .92 55 
46.050. 0 6 .29 88 29 68 036 3 47 . 82 .54 .44 
ee 1 9 .58 87 51 68.250 2 27 me | 71 .52 
2 61 .39 68.408 0 6 .78 .70 
1 42 By 66 .48 68.735 1 32 .80 .76 .62 
90 .74 44 33 69.021 ON 7 .93 77 
es: ae 0 10 .74 86 64 69 465 3 33 .78 .66 .52 
—1 1 .80 97 69 996 4 42 . 68 .60 .42 
1 28 .74 70 70.171 -1 26 .58 .96 .56 
48.002. 1 30 .44 76 34 70 309 2 31 .59 . 68 .40 
fh: 10 801 1.00 31 31 70.415 2 21 ae .74 .42 
1 6 .34 92 32 1 13 .60 . 84 .50 
1 17 .47 76 36 70.974 2 22 .76 
48.968. 2 74 soe 60 22 71.499 1 18 .70 .78 .54 
20 2470 1.00 19 19 71.660 2 27 .70 aa 
0 6 .46 91 42 72.535 2 48 .82 48 

50.306. 1 12 Ri) 85 47 72.933 ONd? 14 86 . 89 : 
a 1 15 .58 81 46 73.366 1 17 .80 .76 61 
2 19 .65 75 49 48 .56 .46 
1 18 . 68 76 52 73.892 —1 3 86 .82 
ON 7 90 64 3 52 . 88 54 .48 
1 28 70 54 74.654 1 32 84 . 64 .54 
1 38 .82 62 .50 4 100 .96 .50 48 
3 50 .82 56 .46 7 101 .90 . 38 
4 66 .83 47 .40 75.862 1 21 ote .62 
1 18 . 80 74 .58 2 38 .82 
2 eee 2 26 0.81 | 0.66 | 0.54 76.200 ON 4 0.87 | 0.94 | 0.81 
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ci 
W.L. RE W(mA)| W.L Ri: W (mA)! 

Local | True Local | True 

Co SY See 3 62 0.92 | 0.48 | 0.45 || 3795.540....... 1 31 0.70 | 0.64 | 0.45 
1 41 .94 .59 .56 0 2 Py .97 .72 
er 2 44 .93 .57 0 5 . 86 .60 
1 38 .90 .62 .56 0 6 .90 .58 
3 60 91 eet” 0 15 ate .82 .60 
28 .76 .64 48 96. 0 3 .70 .94 
0 4 -92 96.498....... 0 6 .92 .64 
37 .80 .59 47 1 6 .54 .90 .49 
2 47 .78 .44 2 49 66 -42 
3 44 .78 .56 43 0 19 .58 .79 .46 
1 46 .92 .54 .50 97.524. 5 65 .59 -52 .39 
-1 5 .96 .92 .89 1 14 . 88 .42 
1 27 .90 .69 .62 97.956. 29 .50 .69 .35 
4 105 . 88 .45 .40 0 22 .93 .42 
3 51 . 87 .58 .50 6 161 .48 .26 
81.193 3 50 .97 .50 0 4 -61 .92 .56 
1 45 91 .62 1Nd? 8 .48 
1 .87 .60 ON 12 . 84 86 .72 
82.455 2 32 .81 .63 .50 [| 1 19 . 86 .82 .70 
82.615 1 48 .96 .56 .54 0 9 .89 .88 .78 
83.191 -1 4 91 .93 .85 0 17 .85 . 84 .71 
2 40 91 .60 .54 1 17 68 .79 .54 
6 88 83 .40 .34 3 33 .58 .57 can 
| 10 .80 . 88 .70 2 24 .54 . 64 .34 
15 88 .80 .70 01.992. 50 .75 .49 
0 10 .96 .87 .82 -1 4 .78 -92 .72 
0 17 .93 . 82 .76 2 37 84 .35 -46 
85.236 0 26 . 89 .79 .70 1 15 .74 .64 
85.709 1 39 81 .58 47 1 32 .94 . 67 64 
1 20 .68 .70 48 0 20 .92 .76 .70 
85.954. 3 46 .72 .40 3 75 .96 -45 -43 
1 13 .50 .78 .39 0 6 .95 91 . 86 
86.177 4d? 37 .58 .62 .36 eee 1 29 91 . 64 .59 
86.331 1 14 .59 .78 .47 2 63 1.00 47 -47 
86.684 5 105 1.00 .40 .40 05.351. 6 174 .96 .34 .33 
87.168 1 71 .88 .52 .46 ON 6 .95 -92 .64 
87.893 9 397 1.00 .40 .40 2 39 .76 .40 
0 14 .83 . 84 .70 0 16 .77 .78 .60 
88.703 2 28 ey, . 68 .54 06.447. 0 27 .80 .69 .60 
1 14 .68 .82 .56 06.720. 8d? 112 .84 .35 .30 
89 186 3 38 .58 .45 6 96 .80 .38 .30 
89 421 2N 38 .57 .60 .34 07.546. 6 117 .78 .39 .30 
89.579 1 31 .62 .46 1 28 .81 .67 .54 
89 824 1 26 .68 .69 1 41 .76 . 64 .49 
90.100 5 73 31 1 33 .92 .58 .54 
90.225 2N 48 .63 «on .32 08.524. 0 14 .90 .79 .72 
| 1 31 .74 .67 .50 3 76 .88 .40 .35 
90.659 1 26 .67 .49 1 49 .97 .52 .50 
0 18 . 88 .80 .70 4 37 .62 .59 .37 
91.382 1 19 .87 .80 . 66 —1d? 5 .94 .88 
91.511 2 31 . 86 .62 .54 10.296. —1d? 10 96 .90 .87 
91.751 1 32 .87 .65 A.» 10.902. 0 4 .74 91 . 68 
92.160 3 33 .79 .62 .49 1 43 .88 .56 .50 
92.349 1 34 .70 .56 BE. 1 44 .92 .58 
2 29 .65 .40 0 4 .77 .58 .45 
92.834 2 30 68 .50 2 14 .56 .82 
93.360 1 16 2 152 .99 .38 .38 
2 21 .54 .70 .38 0 25 .81 .81 .60 
4 43 .65 .58 .40 —1 12 .90 .88 
93.878 2 44 .80 61 .49 —2 6 .94 .96 .89 
94.349 4 71 *.85 .49 -42 0 3 .60 .94 .55 
1 26 . 64 68 43 2 75 .55 .34 
8 664 1.00 33 0 8 .58 .87 .49 
95.446 0 2 0.52 | 0.94 | 0.49 |< tare 2 53 0.86 | 0.50 | 0.42 
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68 JOHN G. PHILLIPS j 
TABLE 1—Continued 
Ci. Cs. 
W.L R.I. W(mA)| W.L W(mA)} r 

Local | True Local | True 

Cok ere 2 68 0.87 | 0.49 | 0.38 || 3836.922....... 1 21 0.58 | 0.76 | 0.44 
0 15 .80 84 64 2 39 .58 .60 
4 104 .75 46 30 ONd? 9 .50 .90 45 
1 37 .69 62 42 1d? 13 .42 .86 36 
15 620 1.00 29 29 0 22 .35 86 30 
3 30 64 29 0 41 .38 . 66 
1 8 .55 87 48 0 4 .49 46 
1 19 .72 73 52 3 52 -25 
1 37 .78 62 48 0 7 .90 .46 
| ae 0 17 .95 80 74 39.627 2 35 .56 65 .36 
3 84 .78 47 36 2 38 56 
0 18 . 84 74 52 0 7 .92 
| 1 53 57 50 40.449 8 764 1.00 .18 18 
18.347 1 24 66 46 1N 13 .39 .86 34 
ly rare 0 11 .78 81 64 41.060 10 511 1.00 .24 24 
1 26 .80 67 54 1 22 .38 76 .29 
19.066 1Nd? 39 66 55 0 11 .56 82 46 
1 34 71 46 41.732 2d? 55 .67 
2 58 .58 38 3 58 .74 oan 
1Nd? 7 44 .92 41 Od? 7 .69 92 
25 1249 1.00 20 20 17 .89 79 .70 
4 63 .56 54 30 42.905 1 .60 79 .47 
21.496 4 . 68 93 63 3 141 41 van 
12 .58 85 49 4 58 45 33 
4 110 .75 46 32 ON 11 .75 87 65 
21.939 0 27 .50 81 40 eb) eee 2N 82 .74 51 . 38 
0 42 86 67 58 2 47 .74 53 .40 
22.650 —1 6 . 86 89 77 4d? 58 78 .50 .39 
22.858 1d? 64 .93 51 47 44.450 0 9 .80 87 .69 
0 11 .88 83 73 0 6 . 84 .88 
-1N 2 .82 94 77 —1N 2 .96 .92 
23.516 4 70 .81 41 33 0 30 71 
1 36 .55 59 32 1 21 71 .73 
1 36 .48 64 30 45.176 3 59 Py 42 29 
2 16 .26 79 21 8d? 69 .69 44 
6 222 .58 40 23 1 27 65 
1 2 .25 94 28 45.995 2 57 . 84 50 42 
24.928 1 24 .62 74 46 46.290 1 32 . 84 .63 
25.410 2 12 .40 83 34 oe 2 35 64 56 .37 
20 1104 1.00 18 18 1 44 .56 
1 11 .48 84 41 5 37 .28 
26.627 1N 29 P7 70 40 46.952 1 68 .83 47 .39 
26.854 86 . 64 53 34 47.828 1 100 .98 45 44 
0 4 . 68 92 63 | 1 102 .98 44 44 
1 26 79 45 | 2 $1 . 88 53 46 
27 .834 8 368 .66 25 16 —1 | 28 .87 
0 18 . 64 77 51 48.613 —1 31 .87 .82 
0 16 .74 86 64 IN 36 .82 saa .54 
30.492 0 4 . 66 91 63 49.008....... 3d? 89 .83 .49 . 36 
0 28 .59 72 43 IN 67 59 
ee 2 22 é$2 70 36 49.545 1 25 . 64 68 43 
7 eee 2 40 .62 57 36 49.759 ON 15 44 84 41 
PEER nn cess 3d 40 .60 64 38 49.979 10 556 1.00 20 20 
—1d? 4 .64 95 60 1Nd? 25 .34 75 . 30 
6 69 .46 57 26 50.568 —1 9 .56 8&9 .50 
3N 19 .40 77 31 0 9 88 
1 19 79 34 4 192 31 .26 
4 56 .53 51 27 50.962 0 10 45 81 
10 1432 1.00 16 16 51.293 2Nd? 54 ta 42 
0 3 .46 94 43 0 30 .79 .69 .54 
0 19 .40 8&2 .33 9 .92 .78 
2 38 60 .33 52.219 1 30 86 61 
3 45 | 35 31 52.409 2nD? 63 86 45 
1 41 .53 52.581 4 139 91; .44 .30 
1 26 0.58 | 0.69 | 0.41 7 0.71 | 0.92 | 0.65 
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W.L. W(mA)| W.L R.I. W(mA)| 

Local | True Local | True 

PG OS eee -1 10 0.92 | 0.86 | 0.79 |} 3868.241....... 0 19 0.71 | 0.73 | 0.53 
11 .78 86 .78 1 28 .78 .65 -51 
53.205. 1d? 37 .76 .69 1 46 82 .64 
ON 20 .65 .74 .48 1 22 .63 .45 
2d? 65 .70 .50 69.315. ONd? 56 68 -42 
0 17 <a .81 .59 3 101 .74 .32 .24 
0 20 .72 .75 69.924. 1N 38 .57 .42 
0 34 .64 .65 41 1N 42 .67 .56 .38 
48 .55 .54 .30 70.367. 0 16 .79 
2Nd? 38 ae .65 1 34 .60 .70 -42 
54.856. 1 18 .74 .74 .54 1 18 .48 .77 .37 
55.126. 4 1.00 .92 .92 2d? 51 .58 .30 
2 92 .40 71.565. 0 4 .92 -48 
55.588. 1 70 .78 .48 .36 71.760. 2 53 .61 -42 .26 
4 32 61 .56 .34 0 24 .79 .70 .56 
18 .78 41 1N 45 .78 .55 .43 
56.383. 8 565 1.00 .19 19 (oti) SS 6 782 1.00 oan oan 
2N 29 .48 .35 2 38 62 .58 .36 
56.925. 0 7 .80 .89 2 77 .42 .27 
1 30 84 1 38 .78 .60 .47 
0 6 .93 91 . 84 4 60 .78 .30 .24 
—1 2 .93 .96 .89 4 72 sta .35 .26 
6d? 83 .82 .49 74.526. 2 57 .98 .52 .50 
57.894... 1 30 .76 . 68 .52 74.778. 2 58 .97 .49 
IN 14 .61 .82 .52 75.087. 57 .93 .54 
7 14 .59 46 2Nd? 66 91 
| 2... 0 1 46 .97 45 5 103 .97 .28 .26 
2N 16 .79 .40 0 12 .96 82 .79 
IN 49 .50 68 .34 0 33 . 88 .70 .61 
1 84 64 .47 .30 0 37 .92 .70 .64 
3 64 .60 1 19 .90 66 
20 1633 1.00 17 76.847... 4 57 .90 .46 .40 
60 433. 0 16 .46 .39 76.980... 4Nd? 69 . 88 .39 
60.497. 0 16 41 .83 34 IN 23 .82 ata .59 
3N 44 .70 .33 1 10 .83 .61 
0 13 59 .49 77.453. 0 32 .68 .48 
0 7 . 86 0 8 .89 .29 
4Nd? 34 .50 .62 8 438 1.00 .19 .19 
31 .48 .62 .29 7d? 398 .78 .22 17 
14 84 81 78.681. 17 .20 .82 .22 
62.496. 2 54 .82 .54 44 78.840 0 17 ae .85 .30 
1 28 .69 .50 1 74 .81 .52 .42 
63.070. 1 26 .89 . 66 .59 ik) See 1 38 91 .59 .54 
>. 3N 62 .94 .54 45 79.661. 0 54 . 86 sae .50 
3 69 .65 .48 1 61 .67 48 
63.870. 0 4 .62 .92 .63 0 56 . 68 .50 
0 & .87 .61 0 5 .62 91 .56 
1 32 .90 .61 2 78 .76 .50 .38 
64.307.. 3 39 .89 .56 1 102 .95 .43 
1 34 .83 .74 61 $0. 795 1 55 91 .52 -46 
3Nd? 46 .93 1 75 .79 .53 -42 
0 3 .93 2 72 71 .53 | 
3 32 .76 .62 1 96 . 84 .43 .36 
65.535. 7 344 1.00 .23 .23 81.877. 2 90 . 84 oon .26 
3Nd? 68 .80 .55 44 82.087. 1 58 .54 .28 
1 49 .98 .56 82.302. 2 52 .60 . 38 
0 24 1 44 .54 .55 .28 
0 8 .65 .69 82.691. 1 37 .48 .62 .28 
2 92 .93 .59 1 38 .46 .61 .28 
3 65 .80 .39 .29 0 14 .93 82 .76 
67.629. 1 67 94 47 2 94 .82 we .30 
1 14 . 66 .80 1 42 . 86 .67 .57 
2 34 .64 | 0 9 . 86 .87 .75 
66.132. 0 14 0.70 | 0.82 | 0.58 ne 2 89 0.76 | 0.40 | 0.30 
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TABLE 1—Continued 
WL RI. | W(mA)} + W.L | W(mA)! + 
Local | True Local | True 
ed 4 57 0.73 | 0.46 | 0.33 || 3905.011....... 1 11 0.65 | 0.86 | 0.57 
1 15 79 .50 2 10 .85 -47 
0 12 53 .87 3 31 . 66 .34 
15 817 1.00 .20 .20 06. 302 2 36 .69 61 .42 
3 22 51 .74 .39 06.756. ...... 4 59 .88 .43 
7 239 1.00 32 «a2 1 16 .86 .76 . 66 
5 68 92 .63 07.116 ONd? 5 .86 .92 .78 
88.043. 0 7 80 92 .74 07.480 3d? 55 .92 .46 43 
SS ee 5 81 82 54 .44 07.674 1 20 . 89 Py . 64 
2 30 .56 .60 .34 07.942 87 .93 .33 
89.931. 1 $1 . 64 | 1 34 .90 .70 .62 
90.198 1N 21 . 64 .76 .48 0 4 . 83 .93 .78 
8 ee 2 31 . 66 .61 40 08.550 0 10 .87 . 86 .75 
1N 31 73 .66 48 08.764 4 58 84 
56 .74 Pee 08.930 1 71 .99 51 
IN 39 .79 .63 .50 09 287 0 16 .98 .81 .80 
5 .78 . 89 .70 09.504 5 .92 .92 . 84 
91.513. 1N 23 . 80 70 .56 09.670 4 54 . 88 .40 
91.783. 0 14 .76 80 .61 5 96 .54 
0 18 . 88 76 .67 2 50 44 
92.593. 2 46 .92 .60 .55 10. 669 0 9 .78 .86 .68 
93.404. 4 147 87 .26 10.851 4 62 .81 
93.922. 21 56 68 . 38 11.005 3 34 .79 
94.104. 5 195 98 .24 .24 11.182 0 25 .96 .74 Py § | 
1N 24 96 .74 ONd? 5 .98 95 .93 
3 64 96 .44 .42 1 21 .99 74 .73 
2 7 52 .85 2 22 .82 .69 .56 
0 28 84 .60 2N 27 .82 .67 .54 
1 23 81 .58 12.295 | 34 . 88 .65 .58 
ON 14 97 85 .82 12.424 0 3 .90 .94 86 
2 58 92 48 .41 12.799 0 4 .97 .92 
0 3 90 .94 .80 33 .93 61 57 
2 45 81 60 .48 3.237 1 18 . 86 .75 
98.514. 0 12 79 84 .66 13.472 5d? 99 84 
99.038 ....... 3 75 99 43 -42 4 81 .34 .32 
99.144. 2 82 56 1N 30 .96 .69 66 
ee 0 6 84 .92 .76 14.742 ON 29 .98 .94 .92 
140 86 .30 .26 15.220 27 .92 66 
00.838. 0 17 77 .76 .58 15.475 1 22 .90 By . 64 
00.965. 1 25 90 ey . 64 15.614 3 34 73 .60 44 
Se 2 51 94 56 .53 15.813 5d? 61 .74 oan . 38 
tee 3 50 93 54 .50 | eee 1 9 64 84 .54 
02.264.. 3 44 88 54 .48 16 246 2 42 0.80 | 0.55 | 0.44 
02.432 1N 17 79 60 
02.632 2N 20 . 64 76 48 
0 20 .80 76 60 
eee 0 13 91 82 72 
ee 3 52 0.82 | 0.46 | 0.37 
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THE ROWLAND INTENSITY SCALE IN THE NEAR ULTRAVIOLET 
F. E. RoAcH AND JOHN G. PHILLIPS 


ABSTRACT 


The Rowland intensity scale is examined in the region AA 3530-3915. A given Rowland intensity is 
found to correspond to a fixed number of oscillators if the line is moderately blended, but to progressively 
larger numbers of oscillators for serious blendings. A given Rowland intensity is constant when referred 
to a continuous background about midway between the adjacent background and the true continuum. 


In an earlier paper,' one of us (J. G. Phillips) has recorded microphotometer measures 
of 1135 Fraunhofer lines in the spectral region AA 3530-3915. The measures constitute a 
valuable source of material for a statistical investigation of the Rowland intensity 
(R.I.) scale. 

This region of the solar spectrum is unusually rich in strong Fe 1 lines, in the wings of 
which are found a large fraction of the measurable lines. In one respect this is a dis- 


-3 -2 fe] 2 3 4 5 
RI 


Fic. 1.—Number of lines according to Rowland intensity groups. Open circles, number of lines in 
the Revised Rowland, XX 3530-3915; closed circles, number of lines measured in this study. 


advantage, since it is impossible, in many cases, to estimate how a given line should be 
extended down to the true continuous background. On the other hand, it becomes pos- 
sible to study the effect on the individual lines of the variation in the intensity of the 
continuous background, a subject which has been treated by several investigators in 
recent years.” 

In this paper we shall consider the following problems: (1) the average equivalent 
widths and central intensities of lines for Rowland intensities —3 to +5; (2) the de- 
pendence of equivalent widths and central intensities on the intensity, 7, of the local 
background with respect to which the quantities have been measured. 

Figure 1 indicates that our material is not strictly representative. As might be ex- 
pected, we have included only a small fraction of the fainter lines. From R.I. +1 to 


1 Ap. J., 96, 1942. 


2 See Swings and Struve, Ap. J., 83, 238, 1936; Thackeray, Ap. J., 84, 405, 1936; Mt. W. Contr., 
No. 555; Struve and Sherman, 4p. J., 91, 428, 1940; and Roach and Blitzer, Ap. J., 92, 50, 1940. 
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cena +5, however, a majority of the lines listed in the Revised Rowland has been meas- 
ured. 

We have assembled the fundamental data in Table 1. Values of the logarithm of the 
equivalent width, W, the central intensity (C.I.) referred to the true continuous back- 
ground, and the central intensity referred to the local background are recorded for R.I. 
—3to R.I. +5 according to the intensity, r, of the local background relative to the true 
background. The numbers in parentheses in the first column give the number of lines of 
the designated R.I. group included in the study. 


TABLE 1 
LOG W; C.I. (TRUE); C.I. (Locat) 


0.95 0.85 0.75 0.65 0.55 0.45 0.35 Weighted 

9.98 9.93 9.88 9.81 9.74 9.65 9.54 Mean 

1.06 1.03 | 0.88 | 0.64 1.00 

0.83 | 0.74 | 0.69 0.74 

(85) 0.89 | 0.88 | 0.90 | 0.93 | 0.90 |...... ol. 0.89 

| (1.24 1.20 1.16 1.04 1:08 1.04 1.34 1.17 

10.76 | 069 | 0.61 0.55 | 0.47 | 0.41 0.34 | 0.62 

(169) (0.81 0.83 | 083 | 086 | 086 | 087 | 0.82 | 0.83 

(1.60 1.53 1.43 1.39 1.29 1.34 1.14 1.47 

cet cna: 06 | 0.56 | 052 | 048 | 045 | 038 | 0.38 | 0.82 

(272) loo | 06 | 06 | 073 | 079 | 080 | O84 | 0.72 

(1.76 1.69 1.63 1.60 1.48 1.25 1.41 1.64 

“re | 40.52 | 048 | 045 | 0.39 | 038 | 0.36 | 0.28 | 0.44 

(185) loss | 056 | 060 | 0.61 0.66 | 0.78 | 078 | 0.60 

(1.80 1.76 1.77 1.74 1.64 1.75 

ey He 0.44 | 0.39 | 0.34 | 0.35 | 0.31 |......... 0.42 

(129) 0.51 0.53 | 0.51 0.54 

2.02 1.85 1.86 1.72 1.64 ot eee 1.85 

0.41-/ 0.38 | 0.35 | 035 | 032 | .0.29 0.36 

(92) 0.46 | 0.44 | 0.49 | 0.55 | 0.62 | 0.77 |......... 0.50 

(2.09 1.92 1.83 1.85 | 1.75 1.89 

10.34 0.35 0.37 0.36 0.35 0.33 

(43) 10.39 | 0.44 | 0.51 om | 653 | 6% |......... 0.48 


An examination of Table 1 indicates that for a given R.I. none of the three measured 
quantities is constant with r. For R.I. +1, for example, as r decreases (i.e., as a line is 
formed deeper in the wing of a strong line), log W decreases, C.I. (true) decreases, and 
C.I. (local) increases. This is typical of all values of R.I. for which there are sufficient 
observations to be statistically significant. 

For each R.I. we have plotted log W, log C.I. (true), and log C.I. (local) against log r 
in order to get the value of these quantities for unblended lines (r = 1). The results 
have been combined into weighted means in Table 2. A log W, or log W(r = 1) — log 
W(r), is given in the second column. Similar quantities are recorded for the central 
absorptions (C.A. = 1 — C.I.) in the third and fourth columns and for the central inten- 
sities in the sixth and seventh columns. 

The change of A log W with log r is illustrated in Figure 2 and compared with 
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Thackeray’s* observations of A log NV -/ as a function of log r obtained from the weaken- 
ing of multiplet lines in the solar spectrum. The ordinates are roughly comparable, since 
a large majority of the lines included in this study are on the linear portion of the curve 
of growth. Thackeray’s plot may be interpreted as indicating the weakening of a given 
line if it were progressively moved deeper into the wing of a blending line. It is to be 
noted that the two curves are essentially coincident from log r = 10 to log r = 9.75. 
From log r = 9.75 to log r = 9.50 there is a marked disagreement. The conclusion to be 
drawn is that, for moderate blending, the lines within a Rowland intensity group are 


TABLE 2 
DEPENDENCE OF INTENSITIES ON r 
A toc C.A. A tos C.I. 
LoGr A Loc W 
Local True Mean Local True Mean 
+0°.03 +0.02 —0.02 0.00 —0.02 +0.03 0.00 
10 .09 — .02 .03 + .02 
07 — .03 .05 10 02 
Ley 23 12 16 — .02 .08 14 03 
28 18 16 + 16 02 
35 26 + 13 24 06 
+0.40 +0.31 —0.24 +0.04 —0.18 +0.27 +0.10 


LOG R 


Fic. 2.—Change of W with log r. Solid curve from observation; dashed curve according to Thackeray 


weakened to the same extent that they would be if they represented lines of equal values 
of N-f. However, for more pronounced blending, a given Rowland intensity corresponds 
to progressively larger values of V-/, since the weakening is less than that found by 
Thackeray. 

Figure 3 indicates that a given Rowland intensity is practically constant with respect 
to a spectral background about midway between the local background near the line and 
the true continuum. It is as though the original estimates of intensity were made with an 
optical setup in which the field of view included, on the average, a background about 
halfway between the local and true continua. This might not be the case in a less 
crowded region of the solar spectrum. 


3 Loc. cit. 
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In Table 3 we have assembled values of C.I. and W from this study. For comparison 
the values of the equivalent widths due to Mulders* (3900 A) and to Menzel, Goldberg, 
and Cook® (3800 A) are included. The latter gave, in their Table 6, values of log X, 


+03 
fe) 
4 
6 
e 
“a 
-0, 


LOG R 


Fic. 3.—Change of central absorption with log r. Upper curve gives change of C.A. (local); lower 
curve, change of C.A. (true); closed circles give the changes referred to an average continuum. 


TABLE 3 
W (ma) 

| 
(r=1) 

Mulders M.G.C. 

(3900 A) (3800 A) 
| 6 8 0.5 7 0.86 
8 9 3 13 90 
12 7 21 86 
45 19 17 30 “80 
30 43 36 40 62 
| 62 60 50 53 
| 56 69 80 59 49 
70 103 104 71 ‘43 
| 78 (121 140 89 0.38 


which can be converted to log W by the use of a solar curve of growth. The equivalent 
widths of Menzel, Goldberg, and Cook agree substantially with our mean values, whereas 


those due to Mulders agree fairly well with ours for r = 1, except for the faintest lines. 
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April 1942 
4 Diss. Utrecht, 1934. See Unséld, Physik der Sternatmos pharen, Fig. 73, Berlin, 1938. 


5 Ap. J., 91, 320, 1940. 
6 See, e.g., P. J. Rubenstein, Ap. J., 92, 115, 1940. 


ABUNDANCE OF Fert IN THE SUN 
F. E. Roach AND JOHN G. PHILLIPS 


ABSTRACT 
The number of atoms of Fe I over one square centimeter of the solar photosphere is found by two differ- 
ent methods to be 4.0 K (+0.25 p.e.) and 5.1 35 X p.e.), as compared with 
King’s recent value of 4.3 X 10'*(+0.18X 10" p.e.). 


The recent measurements! of the equivalent widths of a number of strong iron lines in 
the solar spectrum, together with the evaluation of the absolute f-values of iron lines by 
R. B. King,? make possible a determination ©: *he abundance of Fe 1 atoms in the solar 
reversing layer. R. B. King* has made a simiiar analysis using the equivalent widths of 
Allen‘ supplemented by measurements in the Utrecht Photometric Atlas of the Solar 

Spectrum.’ The result of this paper is in close agreement with that of King, but, since it 
is based upon different material, it seems worth while to present this independent abun- 


dance determination. 
The number of atoms of an un-ionized element in a column of one square centimeter 


above the photosphere is given by 


b(T) N; 
or 
log No = log B—log f+log N;f. (2) 


In these formulae b(7) is the summation over all energy-levels of the weighted Boltz- 
mann factors, or the partition function; NV; is the number of atoms in the level 7; f is the 
oscillator strength of the transition which results in a spectrum line; g; is the statistical 


weight of the level 7. 
In Table 1 we have brought together the results of the measurement of 29 lines of 


Fet. The values of log W/) in the third column are from the paper by Phillips.! Log B 
is calculated for each line from the formula 


log B=log b(T) —log g+ x0 \ (3) 
= 1.41 —log g+ x0 


where x is the excitation potential of the lower level in electron volts and 6 (5040/7) = 


1.14. The values of log fin the fifth column are from the papers by R. B. King? and A. S. 
King ;° the symbol A in the fifth column indicates that the absolute value of f has been 
used directly, the symbol R that the relative value of f has been corrected to the absolute 


scale by King’s formula 
Absolute f = 1.85 X 10~‘ relative /. (4) 


1 Phillips, A p. J., 96, 61, 1942. 

2Ap. J., 95, 76, 1942; Mt. W. Contr., No. 655. 

3Ap. J., 95, 82, 1942; Mt. W. Contr., No. 656. 

4 Mem. Commonwealth Solar Obs.; 1 (No. 5), 1934; 2 (No. 6), 1938. 

5 Minnaert, Mulders, Houtgast, Amsterdam, 1940. 

5R. B. King and A. S. King, Ap. J., 87, 24, 1938; Mt. W. Contr., No. 581. 
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There remains the evaluation of log Nf from the measured equivalent widths. All 
the lines listed in Table 1 are in the damping portion of the solar curve of growth. We 
have determined the values of log V;f for each line (a) by the use of the Harvard curve of 
growth’ and (6) by a formula used by King (taken from Unsdéld*) which assumes a 


TABLE 1 
Loc No No(X 10718) 
MULTIPLET —toc toc B —Locf = 

H 7 =107a H 1076 

aF—z5G?...... 3589.1 4.28 1.35 3.08 R 18.68 18.68 4.8 4.8 
3608 .9 35] 2.09 0.91 R 18.82 18.67 6.6 4.7 

3631.5 3.46 1.66 1.30R 19.02 18.85 10.5 1a 

3647 3.54 1.50 1.50 R 18.88 18.73 7.6 5.4 

3649 .2 4.44 0.46 4.25 R 18.61 18.64 4.1 4.4 
3679.9 3.85 0.46 2.90 R 18.58 18.47 3.8 3.0 

3722.6 3.70 0.81 2.49 A 18.81 18.71 6.5 5.14 

3737.1 3.47 0.62 1.90 A 18.56 18.59 3.6 3.9 

3745 .6 3.60 0.81 1.93 A 18.48 18.35 3.0 2.2 

3748.3 3.67 1.06 1.92 A 18.57 18.45 3.7 2.8 

aD—zD*...... 3824.4 4.16 0.46 2.71 A 17.69 17 .66 0.5 0.5 
3856.4 3.84 0.62 2.52 A 18.35 18.27 1.9 

3859.9 3.38 0.46 ye S| 18.82 18.64 6.6 4.4 

3886.3 3.68 0.62 2.46 A 18.55 18.43 3.6 aa | 

3727 .6 3.85 1.66 1.69 R 18.55 18.46 3.6 2.9 
3743.3 3.90 1.84 1.69 R 18.62 18.54 4.2 3.5 

3758.2 1.84 1.13 R 18.65 18.50 4.5 3.2 

3763.8 3.69 1.84 1.272 18.56 18.44 3.6 2.8 

3767.2 3.68 2.09 1402 18.74 18.64 4.4 

3787.9 3.98 2.09 1.50R 18.49 18.44 

3795.0 3.16 1.84 1.65 R 18.87 18.78 7.4 6.0 

aF—y'D*...... 3841.0 3.87 2.54 0.87 R 18.55 18.48 3.6 3.0 
aF—yD*...... 3820.4 3.48 1.35 1.28R 18.65 18,48 4.5 3.0 
3825.9 3.54 1.50 1 ook 18.71 18.56 5.1 3.6 

3840.4 3.10 1.84 1.50 R 18.85 18.75 5.6 

3849.9 3.84 2.09 1.50 R 18.80 18.72 6.3 5.3 

3865.5 4.05 2.09 1.58R 18.45 18.37 2.8 a3 

3872.5 3.70 1.84 1.82 R 19.18 19.07 15.1 

3878.0 3.95 1.66 1.95 R 18.58 18.52 3.8 


damping constant equal to ten times the classical value, as compared with 8.6 for the 


Harvard curve of growth. 
The Harvard curve of growth gives log Xo (the optical depth in the line center; C in 
Unsdld’s notation) when log W/X is known. This is easily converted into log Vf by® 


Xp = 1.152 f, (5) 


or 
log N+ f=11.38+log Xo, (6) 


7P. J. Rubenstein, Ap. J., 92, 114, 940. 
8 Physik der Sternatmos phiren, Berlin, 1938. 9 See Menzel, Ap. J., 84, 462, 1936, eq. 7. 
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for \ = 3720 A, uw = 56 (atomic weight of Fe), and 7, the kinetic temperature, = 
5740° K. The values of log No by this method are found in the seventh column, headed 
H. The values in the eighth column result from the formula used by King, 


log N.f = 22.81 +2 (7) 


We summarize below the mean values of NV» from our measures by these two methods 
and from the paper of King for comparison: 


King (vy = No = 4.3 X 10'8(+0.18 X 10!8 p.e.) , 
Roach and Phillips (7 = No = 4.0 X 1018(+0.25 X 10" p.e.) , 
Roach and Phillips No = 5.1 X X 10" p.e.) . 


Our value of log No for y = 107.; is in agreement with King’s determination, consid- 
ering the probable errors. The systematic difference between our value from the Harvard 
curve of growth and the other two is primarily the result of the difference in the damping 
constants involved. This difficulty can be resolved when absolute /-values are available 
for some of the fainter Fe 1 lines, which will permit the accurate evaluation of the damp- 
ing constant. 
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CONTINUOUS EMISSION IN THE SPECTRA OF 
PLANETARY NEBULAE* 


THORNTON PAGE! 


ABSTRACT 


A survey of the spectra of the planetary nebulae has revealed continuous emission in 31 out of 58 
cases. Intensity ratios have been measured photometrically in 33 spectra of 12 nebulae and have been 
estimated by eye in other cases. The excitation of each spectrum was also estimated and found to be 
peculiar in the nebulae of low surface brightness. The intensity of continuous emission is correlated with 
the excitation and surface brightness. Photometric measurements of the Balmer continuous emission 
at \ 3650 relative to Hé are about one-third of the ratios calculated by Cillié in cases where the electron 
temperatures are known. The observed intensity of the continuum in the visual region (A 5000 to \ 4000) 
is roughly one-half that of the Balmer continuum. 


INTRODUCTION 


While the most striking features of the spectra of planetary nebulae are the strong 
hydrogen lines and the forbidden emission lines, it was apparent, at least as early as 
1918,? that continuous emission was also present. Part of this continuous emission be- 
low \ 3647 is clearly the Balmer continuum, Ba,, arising from the capture of free electrons 
in the second level of the hydrogen atom. From a measure of the Ba, intensity gradient 
or the ratio of the Ba, to the Balmer lines it is possible, in principle,’ to determine the 
electron temperature of the nebular material; and from a measure of its absolute in- 
tensity the electron density may be derived.* The continuous emission in the visual 
region, the V., which probably extends into the ultraviolet as a background to the Ba,, 
is of more doubtful origin.® Since accurate intensity measurements are necessary for 
any theoretical investigation and since the continuous emission seems to vary consider- 
ably from nebula to nebula,’ a spectrophotometric survey of the planetary nebulae was 
undertaken, starting in 1939, with the quartz Cassegrain spectrograph and the 82-inch 
reflector of the McDonald Observatory. In July and August of that year, 109 standard- 
ized and calibrated spectra were obtained of 36 different nebulae, and in September, 


* Contributions from the McDonald Observatory, University of Texas, No. 50. 


1 [Because Dr. Page has been called for service in the Naval Ordnance Department, he was unable to 
complete the work on the planetary nebulae which he had started at the McDonald Observatory. A pre- 
liminary account of this work, with special reference to the difference in spectrum of nebulae having nor- 
mal surface brightness and of nebulae having very low surface brightness, was published by Mr. Page in 
the Transactions of the Illinois Academy of Science, 34, No. 2, 1941. The spectra shown in Plate IV were 
obtained with a very wide slit and were intended for photometric measurements of monochromatic 
line intensities as well as for the study of continuous spectra. The excitations given on the left margin 
of the reproductions in Plate IV represent arbitrary steps and are merely intended to arrange the nebulae 
in order of increasing excitation. The irregularity in the distribution of the light in the individual mono- 
chromatic images is a result of the actual surface structure of each planetary nebula. The white line 
visible in some of the spectra is the shadow of a wire crossing the slit, which was used for accurate guiding. 
Mr. Page had expected to prepare another illustration but has, unfortunately, not found the time to do so. 
It is hoped that after the war he will be able to complete the investigation and to extend it to the study 
of the line intensities—O. Struve, Editor.] 


2W.H. Wright, Pub. Lick Obs., 13, 193, 1918. 
3G. Cillié, M.N., 92, 820, 1932; 96, 771, 1936. 
4 Menzel and Aller, Ap. J., 93, 195, 1940. 
5T. L. Page, M.N., 96, 627, 1936; H. Zanstra, Observatory, 59, 314, 1936. 
*R. H. Stoy, Pub. A.S.P., 51, 235, 1939. 
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SPECTRA OF PLANETARY NEBULAE OBTAINED WITH WIDE SLIT AT THE MCDONALD OBSERVATORY 
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1940, 86 additional spectra of these and of 22 other nebulae. Unfortunately, the calibra- 
tion of the 1939 series was not of the highest accuracy; films of the 1940 series were there- 
fore calibrated with a new optical wedge, the constants of which are not yet determined. 
However, photometric intensity ratios in 34 spectra of 12 nebulae in the 1939 series have 
been reduced, and it seems advisable to publish these in a preliminary account of the 
survey. In addition, eye estimates have been made of the intensity ratios in the spectra 
of 19 other nebulae, and other qualitative aspects of the nebular spectra have been 
studied statistically. 


I. THE OBSERVATIONAL DATA: QUALITATIVE RESULTS 


The only previous measurements’ of continuous emission in the nebulae had shown 
the intensity per angstrom unit to be of the order of 10~? of the intensity of the line H6. 
In order to obtain measurable densities in reasonable exposure times and without over- 
exposing 4, low dispersion and wide slit (equivalent to about 50 A) were necessary. 
The F/1 Schmidt camera in the quartz Cassegrain spectrograph is admirably suited for 
this work, having a dispersion of about 360 A/mm at Hé and a reduction of the image 
size by a factor 10.64. The F/2 Schmidt camera, also used, has twice this scale. The 
1939 spectra are in excellent definition from Ha to d 3300. In 1940 a quartz collimator 
was substituted for the former ultraviolet glass collimator, and the spectra extended, in 
good definition, to \ 3100. 

For all except the largest planetaries, the slit of the spectrograph was opened to a 
width somewhat less than that of the bright part of each nebula: between 0.5 and 2.5 
mm at the Cassegrain focus of the 82-inch telescope. It was oriented north-south, so 
that accurate guiding was possible on the edges of the nebula reflected from the slit 
jaws. Such wide-slit, accurately-guided spectra are far more suitable for this work than 
slitless spectra, since the overlapping of various line images is limited by the finite slit 
width, and the intensity of the continuous emission is more easily reduced (assuming 
roughly uniform illumination of the slit by the central part of the nebula). 

Iam indebted to Dr. D. M. Popper and Mr. Walter Linke for aid in guiding the long 
exposures of the 1939 series. 

In Table 1 are listed all the nebulae (58 in number) observed both in 1939 and in 1940. 
Some of the early 1939 spectra were not calibrated and standardized properly or were 
guided poorly. The number of such films of mediocre quality is given in parentheses 
after the number of good films in the fourth column. An asterisk indicates that the 
plates have been used in the reduction of photometric intensities. The visual surface 
brightness, H, in magnitudes per 7/4 square minutes of arc and the diameter, d, in 
seconds of arc from B. Vorontsov-Velyaminov’ are given in columns 6 and 7. 

The excitation, estimated on a scale from 1 to 8, is listed in column 8. Wright’ classi- 
fied the planetaries according to the size of the \ 4686 line of He 1; H. H. Plaskett'® 
simply used the presence of \ 4686 to indicate the stage of excitation; and other criteria 
have been suggested. It was found in this study that no one criterion is sensitive over 
the whole range in excitation, although the ratio \ 4686/H8 is good for high excitations, 
and the ratio [O m1] 3727/[O 111] 4959 for low excitations. Enlargements of all the spectra 
were arranged in order of excitation and divided into roughly equal steps of excitation 
using the second criterion from excitation 1 to excitation 4 and the first from excitaton 5 
to excitation 8. Plate IV illustrates the sequence of excitations. 

Nebulae of very low surface brightness were included in the survey partly because 


7 Page, loc. cit.; Greenstein and Henyey, 4p. J., 89, 653, 1939. 

Russian Astr. J., 11, 40, 1934. 

9 Loc. cit. 

10 Pub. Dom. Ap. Obs., 4, No. 14, 1928; Harvard Circ., No. 335, 1928. 
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their spectra have been neglected in previous photometric work and partly because the 
recent work of Menzel" has shown that the very low electron density in such objects 


TABLE 1 
PLANETARY NEBULAE 


1940 
1939 | 1940 
NEBULA Ex- Ve Bac 
NGC H|d Ts Te LOG Hs LOG His LOG Oss. 
a 
(1) (2) (3) (4) (5) | (6) | (7) | (8) (9) (10) (11) (12) (13) (14) 
40...| (2); 2 | 35”) 1 21000°; 6000°} —2.31* —1.99* —2.21 |W,A 
II 1747...| 1 53}+61 01 |0 3 9.8) 13 7 2.0 W 
I 289...| 3 06/+61 06 |0 1 11.2) 32 8 
I 351...] 3 43)}+31 52 |3 +(2)] 1 7.7) 8 5 51000 | 8100 1.8 W 
II 2003...| 3 53}+33 42 10 +(1)] 5 8 2.1 
II 2149...) 5 52}+46 06 |2 0 5.8} 12 1 W 
II 3568...|12 31)+82 55 |0 +(2)} O | 9.0) 18 W 
II 4593...|16 09}+12 14 +(3)| 1 7.0) 11 2 W,B 
6210. . 42)+23 55 |4 +(3)] 1 7.0) 8 3 39000 | 7100 (2.8) 1.95 1.78 
II 4634.../16 58}—21 43 |0 +(1)} 0 8.6, 9 4 W 
6439. ..|17 45} —16 28 |0 1 8.4) 5§ 5 LD, 
6543...|17 58}+66 38 |3*+(2)|} 1 6.3) 20 5 40000 | 6000 2.39* 1.78 | W,Z,B,A 
6572. ..|18 6 50 |3 +(2)) 1 9 2 19200 2.00 (1.93) | W,Z,B,P,A 
6567. . .|18 09}—19 06 +(2)} O | 7.5) 7 3 
6578. ..|18 13}—20 28 |0 1 {(8.)} 8 1.4 1.4 
6644...|18 29}—25 10 2 5.7] 3 2.6 2.1 2:2 
D—32°. .|18 51)—32 20 |0 +(1)} 0 5.0} 4 1.0 
6720... .|18 51/+32 57 |3*+(1)| 0 dt 2.33* 1.89* 2.02 |W,A 
6741...|18 59}— 0 31 |0 +({1)} 1 7.4; 9 6 58000 | 6500 
II 4846.../19 13}— 9 10 |0 2 3.31 2 4 44000 {12600 2.0 1.9 WwW 
6790. ../19 1 23 |3*+(2)) 0 4 48000 | 8300 2.45* 1.75* 1.75 |W 
6804...|19 29/+ 9 06 |0 1 412.2] 31 7 
6807.../19 32/+ 5 31 |0 +(1)} 3 6.4; 2 4 66000 | 8300 2.4 1.9 1.9 Ww 
681 19 41)—14 18 |2*+(3)} 3 7.3} 20 8 51000 | 7000 2.31* 1. 89* 206 |W 
6826 19 42/+50 23 |3*+(5)| 0 6.9) 25 3 38000 | 7200 2.38* 1.76* 1.82 | W,B,A 
6833 19 48}+48 49 /3*+(1)] 0 6.4) 2 4 48000 | 9000 1.94* 1.56* 1.70 |W 
6884 20 08}+46 47 |0 +(1)} 2 8.1; 8 6 67000 | 7400 2.6 1.9 1.9 W 
6879 20 08}+16 45 |0 +(1)} 2 6.7; 4 41000 | 7400 
6886 20 10/+19 48 |0 +(2)} 2 7.3} 6 |7pec | 52000 | 8200 2.7 2.0 2.0 W 
6891 20 12/+12 33 +(1)} 1 7.0) 7 4 SEARS W 
II 4997 20 18}+16 32 |3*+(1)} 1 4.0; 2 4 35000 |27000 2.02* 1.66* 1.83 |W,P,A 
21 O1;/—11 36 |3*+(3)) 1 6.0} 26 6 §2000 | 9500 2.39* 4.377 1.86 |W,Z,B,A 
7026 21 04;+47 26 |0 +(1)} 3 20 5 
7027 21 05}+41 59 |4*+(4)|} 2 7.3) 11 7 86000 | 9500 2.78* 2.46* 2.61 |W, B,P,A 
II 5117 21 30|/+44 20 |0 +(1)} 3 5.9} 2 5 Serer WwW 
II 5217 22 22}+50 40 |2*+(6)| 1 91-6 5 55000 | 8200 2.28* 1.95* | 2.08 |W 
7662... .|23 23/442 12 |3*+(5)|} 2 6.0; 15 7 78000 |10300 —2.46* —2.02* | —2.17 | W,B,P,A 


* Former observers: W= Wright, Z=Zanstra, B=Berman, A=Aller, P= Page. 


should affect their line intensities and electron temperatures. It was immediately noted 
that these objects were peculiar in that strong He 11 4686 occurred systematically” with 


1 Ap. J., 93, 195, 230, 1940. 
12 This is possibly an effect of stratification in the nebulae; the spectrograph slit covered a very small 
part near the nucleus of the large faint nebulae. 
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strong [O 11], relative to [O 11]. Such spectra were classified by the \ 4686/H6 criterion, 
and the letters “‘pec”’ were added to the excitation class. 

It is apparent that the stellar nebulae (d < 5’ in Table 1) are mainly of intermediate 
excitations, 4 and 5, while the larger nebulae are mainly of high or low excitation. In 
Table 2 the smoothed geometric means of d for various stages of excitation indicate the 
extent of this effect. 

There is also good evidence in Table 1 that low-excitation nebulae have, on the aver- 
age, higher surface brightnesses'* than high-excitation nebulae. The average H for 
nebulae of excitations 1, 2, and 3 is 7.2 + 0.5 mag., and for excitations 7 and 8, 9.7+0.7 
mag. 

In column 9 of Table 1 are listed the nuclear temperatures estimated by Vorontsov- 
Velyaminov" from line intensities and magnitude differences between star and nebula. 
They are not of high accuracy," but it was considered best to use a homogeneous set of 
values rather than to correct some and not others. Table 2 gives the mean values of 7, 
for each stage of excitation. The average error in these mean values is +2000°; the 
scatter among values in classes 7 and 8 is considerably larger than that in the classes of 
lower excitation. 

TABLE 2 


EXCITATIONS, DIAMETERS, AND TEMPERATURES 


ExciTATION CLAss 


1 | 2 | 3 | a | 5 | 6 7 8 
10” | 6” 5” id 12” 40” 
35000° 48000° 52000° 59000° 60000° 61000° 


Mean d........ 30” 
42000° 


Mean 7y...... 26000° 


T. in column 10 of Table 1 is the electron temperature derived by Menzel'* from the 
ratio \ 4363/d 4959 of [O 111]. There is some evidence in Table 1 that 7, varies system- 
atically with 7, from about 6000° K at 7, = 40000°, to 10000° at 7, = 85000° K. 
However, there is a large scatter; and the two stellar nebulae, IC 4846 and 4997, have 
abnormally high 7, for the 7, assigned. The scatter is undoubtedly due to various 
densities of O 111 ions.!? 

The logarithms of the maximum intensity per angstrom unit of the V, and Ba, rela- 
tive to H6 are given for 31 nebulae in columns 11 and 12 of Table 1. Over half of these 
values are merely eye estimates obtained by matching sensitometer spots (on a film de- 
veloped with one batch of spectra) with 6, the Ba,, and the V.. A correction was made 
for the width of the slit but none for the difference in selective atmospheric absorption. 
The accurate measurements of Part III are indicated in columns 11 and 12 by asterisks. 
These were used to calibrate the scale of the eye estimates. The deviations between 
the values estimated from various spectra of the same nebula indicate that the error 
in the estimated values of log (Ba./H6) is of the order +0.1. The error in the esti- 
mated values of log (V./H6) is somewhat larger. 

When the nuclear spectrum was present, care was taken to include only the intensity 
of the nebular continuum in the estimates. In the case of the stellar nebulae, of course, 


13 [t is interesting to note that H < E + 5 in every case except NGC 40. (E is the excitation class.) 


14 Loc. cit. 

18 The values for NGC 7027 and 7662, for instance, are too high; cf. Page, loc. cit. 
16 Loc. cst. 

17 Menzel and Aller (Ap. J., 94, 30, 1941) explain the cooling effect of O 111 ions. 
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this could not be done, but a plot of estimated log (Ba./H6) against d revealed no marked 
correlation; the average log (Ba,/H6) for d = 2” is only 0.1 brighter than the average 
for d = 20’’. The same is true for the log (V./H4), and it was therefore assumed that 
the nuclear continuum is a negligible fraction of the estimated nebular continuum. 
Certain correlations are noted without comment. In Figure 1 it is seen that a larger 
ratio, Ba./H6, occurs in nebulae with nuclei of lower temperature.'* The scatter about 
the line, 7,/1000° = —60 log (Ba,/Hé) — 60 is +7 for each observation, excluding 
NGC 40, for which 7, is abnormally low. Nebulae of high nuclear temperature also 


@ accurate observations 


O estimates 
T*/I000 
NGC 7027 
60 
° 


40 O noc 6572 


Rs) 
—Log Bac/Hs 
Fic: i 


seem to have lower V../H6. Continuous emission is somewhat weaker relative to Hé 
in nebulae of lower surface brightness, as is illustrated in Figure 2. 

The quantity Ba./Hé5 is not the true ratio of Balmer continuum to H6. First, the 
V.. probably extends through this region of the spectrum as a background upon which 
the true Balmer continuum is superposed; and, second, the true ratio is reduced by space 
reddening.'® From columns 11 and 12 the quantity (Ba, — V.)/Hé6 was calculated and 
corrected for reddening with a correction factor calculated from Berman’s data, assum- 
ing the space-absorption coefficient?’ to be linear in 1/A. The correction amounted to 


18 This can also be expressed as a decrease in log (Ba./H6) with increasing excitation from an average 
log (Ba./Hé) of —1.7 between excitations 1 and 4 to —2.1 between excitations 7 and 8. 

197. Berman, M.N., 96, 890, 1936. 

20 The best fit is given by c, = 0.61 (1/A — 1/.4862), where the intensity at wave length d is reduced 
by ¢,r mag. 
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0.1857, mag. between Hé and 3650, where ri, the effective distance of each nebula 
through the 400-parsec absorbing layer, was taken from Berman’s paper.”! The largest 
correction amounted to 41 per cent in the Ba, for IC 5217. The logarithm of the cor- 


@ occurate observations 


© estimates 
H 
* 
° 
° 
eg ° e 
NGC 7027 
° 
6.0 ° 
° 
NGC 6644 
° 
° 
l l l L l 
1.3 1.7 2.1 2.5 
— Log Boc/Hs 
Fic. 2 
TABLE 3 
CALCULATED BY CILLIE 
dy 
n LINE 
1000° K 5000° K 10000° K 20000° K 50000° K 
HB —2.402 2.946 3.141 3.500 
err Hy 2.130 2.654 2.837 2.995 3.168 
re Hi 1.921 2.424 2.596 2.744 2.906 
He —1.750 —2.232 —2.396 —2.535 —2.686 


rected ratio of (hydrogen) Balmer continuum to Hé is listed under log (H./H8) in 
column 13 of Table 1. 


G. Cillié? calculated the ratio H./H6 for a pure recombination spectrum with com- 


at Loc. cit. 
22 M.N., 96, 771, 1936. 
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plete self-reversal in the Lyman lines and continuum.”? His values of log [1/H6 
dI(X 3647) /dv’| (per wave number) are listed in Table 3 for various values of the electron 
temperature, 7.. From the relations 


one finds 10° af H 1 dI(d 3647) 


where J is in angstrom units and H, (as in Table 1) is the intensity per angstrom unit. 
In Figure 3 Cillié’s values are represented by the full line, and the values of log (/7../H6) 


@ accurate measurements 
44- © estimates 
© 109 Bac/H5 uncprregie 
© Aller’s measurements 
@ M.N. 96,617 (1938 
4.2 
Cc 7662 
4.0 
NGC 7027 
° NGC 40 
| 
25 
Log H¢/Hs 
Fic. 3 


and 7, are from Table 1. In the cases where log (/7./H6) is not available, log (Ba,/H6) 
is plotted. L. Aller’s measurements” of Ba, uncorrected for V, are included for NGC 
1535 and IC 418; and former measurements by the author” for NGC 7027 and 7662 are 
also plotted. 

The true Balmer continuous emission is seen to be less than that predicted by the 
theory of a pure recombination spectrum in 20 of the 23 nebulae recorded. This dis- 


23 Mechanism “B” in the notation of Menzel, in Ap. J., 88, 52, 1938. 


24 4p. J., 93, 236, 1941. Aller’s measurements of the Ba, in NGC 6572, 6826, 6543, and 7009 are in 
good agreement with the present values; the largest discrepancies are for NGC 7662 and 7027. Cf. 
Part III. 


% Loc. cit. 
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crepancy, of course, cannot be due to superposed V, or to an admixture of nuclear (stel- 
lar) continuum; the values plotted are considered to be upper limits to the true log 
(H./H6). There is good evidence that the individual measurements are not in error by 
as much as 0.1, while the average discrepancy in log (H../H6) is —0.25 for the 17 of the 
nebulae accurately corrected for V, and interstellar reddening. 

Such a discrepancy cannot be explained by (a) an error in the zero point of the color- 
temperature scale of the standard stars used (cf. section on errors, Part II), or by 
(b) an incorrect value of the coefficient of space reddening, or by (c) incorrect values of 
T.. 

In reference to (6), there is no correlation between the deficiency in H,/H6 and n, 
the distance through the galactic absorbing layer estimated by Berman.” Also, since 
the average correction for these nebulae amounts to only +25 per cent in H./Hi—a 
factor corresponding to +0.1 in log (H./H6)—it would be necessary to increase the co- 
efficient of selective absorption almost threefold to account for the deficiency. 

Reference to Figure 3 shows that log (H/H5) is insensitive to T.; therefore errors in 
Menzel’s estimates of 7, cannot account for the deficiency unless they are 10000° or 
more. 

The explanation of the discrepancy between measured and calculated intensity of 
the Balmer continuum may lie in the abnormal population of the second level of excita- 
tion of the hydrogen atoms in the nebulae. Such an abnormal population is to be 
expected from the high radiation density of the Lyman a line and the partial metas- 
tability of the 2S state of hydrogen. Another possibility is that Cillié’s calculation is 
inaccurate because of the selection rules which were neglected therein. 


II. THE PHOTOMETRIC METHOD 
CALIBRATION 


The films used in the Schmidt cameras are of necessity small: 15 X 15 mm in the 
F/1, 25 X 15 mm in the F/2; and it was impossible to impress any suitable calibration 
on them along with the nebular spectra. The calibration spectra described below were 
photographed in the F/2 arrangement with the same exposure time as the nebular 
spectra (from 10 to 60 minutes) on film cut from the same sheet and developed in the 
same bath. The emulsions used were Agfa Super Panchromatic Press and Super Plena- 
chrome Press. Each 7 X 12 cm sheet was cut into 18 pieces of proper size for the F/1, 
12 for the F/2, and 2 pieces large enough for the spot sensitometer, which served as a 
check on the calibration. A special holder was constructed which would hold 10 of the 
small films rigidly, emulsion sides flush, during development. The films, cut from one 
sheet and stored for at least 12 hours between exposure and development, were inserted 
in this holder and brushed with a soft brush for 10-minute development at 65° F in D-11 
diluted with 4 parts of water. Thus the calibration and nebular spectra were exposed 
on small films cut from the same sheet and effectively put together again for even de- 
velopment. After proper fixing (10 min.), washing (2 hr.), and drying, the small films 
were dusted and bound between carefully cleaned lantern-slide cover glasses. 

In 1939 an O’Brien aluminum-on-quartz optical wedge was used for the calibration. 
A 50-candle-power auto headlight illuminated from a distance of 12 inches a sheet of 
white paper held in a suitable holder over the slit of the Cassegrain spectrograph, which 
was protected from stray light (the calibration exposures were made in the daytime) 
by black cloth. Either a 5-mm Daylight filter or a 3.3-mm Corning Red-Ultra filter 
was placed in a holder between the lamp and the diffusing surface. The wedge was 
placed in its holder less than f mm. above the slit jaws; and, since the collimator is of 
1000-mm focal length, this insured good focus of the wedge on the film. The resulting 


6 Loc. cit. 
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spectra were well exposed in the visual region when the Daylight filter was used, and 
‘from 4 4200 to \ 3300 when the ultraviolet filter was used. By using the proper slit 
width and lamp current the exposure times of the calibration spectra were made exactly 
the same as the nebular exposures. The lamp current was held. constant during each 
exposure, and an exposure without the wedge was made immediately before or after the 
wedge exposure to test the illumination of the slit and the parallelism of the jaws. This 
was found to be uniform in all but a few cases, where a suitable correction?’ was applied. 

The O’Brien wedge was calibrated in exactly the same position on the spectrograph 
by two methods: first, against rotating sectors having openings of from 10° to 340°, and, 
second, against varying slit widths from 0.100 to 1.000 mm. The sector was placed be- 
tween the lamp and the diffusing surface and driven by a fan motor at several hundred 
revolutions per second. The work of Webb” has shown that the intermittency effect 
vanishes for frequencies greater than about 5 per second at the exposure times used 
(5 min.). The slit width was set accurately, and the closure determined at intervals. 
For the widths used (>0.10 mm), diffraction effects can safely be neglected. 

Fourteen series of wedge calibration spectra were taken with the //2 arrangement, 
each series consisting of two wedge spectra bracketing six wedgeless spectra of the dif- 
fused light of the auto lamp through various sectors or at various slit widths. The cur- 
rent through the lamp was held constant with a rheostat during each exposure to better 
than 0.5 per cent (5 + 0.02 amp.), and the exposure times were in error by less than 
1 second. Several different bulbs were used, and each was seasoned for several hours to 
insure constancy in this calibration. The films were cut from one sheet and brush- 
developed together in the clip, as described above. 

From tracings taken across these spectra at AA 5500, 4100, and 3600 it was found 
that the wedge was accurately logarithmic; i.e., the logarithm of the transmission varied 
linearly with distance from the thin edge. If J) is the intensity of light of wave length A 
passing through the wedge at distance x mm from the thin edge, 


log J, = Constant — Myx , (1) 


where M) varied from 0.572 + 0.005 at 5500 through 0.645 + 0.005 at 4100 to 
0.667 + 0.006 at \ 3600. The accuracy is much poorer than desired because the wedge 
is too ‘“‘steep’’; i.e., the value of M) is so large that /,(x) changes by a factor 10 in less 
than 2 mm. The root-mean-square errors were calculated from least-squares solutions 
for M,. Values of M) for intermediate wave lengths were interpolated graphically. The 
error in a measured log (/;/J2) resulting from the uncertainty in M) is 0.0133 log (11/J2). 


THE MICROPHOTOMETER 


Tracings of the nebular spectra, the standard stellar spectra, and the calibration 
spectra were made with the recording photoelectric microphotometer of the Yerkes 
Observatory. This machine was designed by C. S. Beals*® and built at Victoria in 1937. 
Its direct-current amplifier and series of galvanometer shunts provide a large range of 
sensitivity, unfortunately at the expense of some stability. The amplifier is sensitive to 
changes in humidity—and a change in response during a long series of tracings was dis- 
covered during the later reduction. A correction had to be applied for a change with 
time in the characteristic curve as recorded by the machine when the wedge tracings 
were not made immediately after the nebular ones. This correction, amounting to sev- 
eral per cent in the final intensities, was determined from duplicate tracings of calibra- 
tion spectra made at different times during the series. 

Tracings at three different magnifications—10, 30, and 100 times the scale of the 


27H. H. Plaskett, M.N., 96, 402, 1936. 
28 J. Opt. Soc. Amer., 23, 157, 1933. 29 M_N., 96, 730, 1936. 
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photographic plate—can be made with this machine; magnification 100 was used 
entirely for the wedge tracings, and magnification 30 for the nebular and stellar tracings. 
A grid of lines exposed on the tracing provides a check against shrinkage of the paper 
during development, although this shrinkage was found by later measurement to be less 
than 0.3 per cent. No positive check is provided against slippage of the belt which 
drives the drum carrying the paper, but no marked slippage was noted from positions 
of known lines on any of the 420 tracings reduced to date. 

The main galvanometer (two auxiliary ones provided for comparison spectra were not 
used in this work) is a Kipp microgalvanometer; it is a little overdamped and has a lag 
of less than 0.1 sec. The films were run through at 1.4mm per minute, after test runs at 
one-half and twice this speed had shown no observable differences. 

The viewing device, which throws an enlarged image of the film on a white screen 
around the microphotometer slit, was of great help in making traces of these small films. 
The slit had to be quite small, usually 1.0 X 0.4 mm at the enlarged image, or 0.020 X 
0.008 mm as projected on the film. For this reason the oscillations on the tracings due 
to grain in the film are large and were estimated to introduce errors of about +0.01 in 
log J. 

The microphotometer was run across the wedge spectra at the wave lengths where 
intensities were to be reduced, i.e., at AA 4862, 4102, 3600, and 3400. Measurements of 
density*® were made at ten points on each of these calibration tracings and the char- 
acteristic curves were obtained as usual by plotting density against log J calculated 
from equation (1) after converting distances on the tracings to millimeters along the 
wedge. 

The characteristic curve of both Agfa emulsions was found to change very slightly 
with wave length. The contrast decreased by a small but definite amount between 
\ 4102 and \ 3600. Errors in drawing the characteristic curves were estimated to be 
less than 0.01 in log J. 


STANDARDIZATION 


The French astrophysicists Barbier, Chalonge, Vassy, and others have recently com- 
pleted a long series of accurate measurements of relative intensities in the spectra of 204 
stars brighter than the fifth magnitude.*! They list, in the last of the papers cited, the 
mean values and weights of the photographic gradient, ¢, the ultraviolet gradient, ¢o, 
and the Balmer discontinuity, D. The probable errors of unit weight are given as 
+0.08 in gi, +0.08 in go, and +0.01 in D, although the zero point of the scale of g; and 
¢ may be in error by as much as® +0.20. The final zero point adopted by the French 
observers is ¢; = 1.00 for AO stars. 

In view of the uncertainty of the zero point and in spite of the internal errors, it was 
decided to use the whole system of stars rather than any one star as standard. They are 
numerous enough and distributed uniformly enough over the sky to make possible com- 
parisons between each nebula and several stars at the same altitude in the same part of 
the sky at very nearly the same time. Atmospheric reddening is thereby reduced to a 
second-order effect, and systematic errors are avoided. 

The following procedure was adopted: During each exposure on a nebula, one-half 
of the slit was covered by a black diaphragm; and the other half, about 12 mm long, was 
left open except for a wire which crossed the slit about 2 mm from the on-axis end and 
which was used to guide accurately. The spectrum of the nebula was therefore slightly 


30 The “density” used here is u/uo, where u is the galvanometer deflection from zero and uo is the 
deflection for clear film. 


31 J. de phys., 6, 137, 1935; J. des obs., 19, 149, 1936; Ann. d’ap., 1, 293, 402, 1938; 2, 1940 (photostat 
copy of proof from ibid., April 16, 1940). 


®R.C. Williams, Pub. Michigan Obs., 7, 93, 147, 1939. 
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off axis and marred by a white streak due to the guiding wire. Small bright nebulae were 
photographed in a second position, even farther off axis and with a shorter exposure 
time, to expose the line images (rather than the continuum) properly. Immediately 
after the nebular exposure the diaphragm was reversed to cover the first half of the slit, 
a piece of ground Lucite** was put directly above the slit as a diffusing screen, and the 
spectrum of an out-of-focus image of a standard star was taken on the same film slightly 
off axis on the other side. Guiding on the star was done by a reflection from the matt 
surface of the ground Lucite to a set of cross-wires in the guiding eyepiece. 

At first the exposure times for both nebula and star were made equal; but this seemed 
very wasteful of time, as the nebular spectra were exposed 30 to 60 min. The change 
in the characteristic curve between 5-min. and 60-min. exposures on Agfa film was found 
to be slight, and therefore the stellar exposures were made one-sixth of the nebular ones, 
Calibration spectra of both exposure times were developed with each set of spectra. 

On each film there were the spectra of the nebula.and of a standard star at the same 
altitude (+ 2° or 3°),34 symmetrically placed with respect to the axis of the instrument 
and directly comparable save for the transmissivity of the ground Lucite plate, 3 mm 
thick, which reduced the stellar intensities in the ultraviolet. A series of exposures simi- 
lar to the wedge-calibration spectra, with and without the ground Lucite plate in the 
same position over the slit, served to determine this latter transmissivity,® 4, in the 


TABLE 4 
THE TRANSMISSIVITY OF LUCITE 


eR So | 5500 | 4862 | 4341 | 4102 | 3889 | 3600 | 3500 | 3400 | 3350 | 3300 | 3250 
log +Constant..| +0.075| +0.065| +0.035| +0 009) —0.055| —0.230| —0.295| —0.325| —0.375|(—0.42) 


region \ 5500 to \ 3300. The root-mean-square errors of the values of log 4.+ Constant, 
given in Table 4, are less than +0.02. 

The relative intensities at two wave lengths in the spectra of the standard stars can 
be derived in the following manner from the gradients g, and ¢g: and the Balmer dis- 
continuity, D. By definition, 


(2) 


where A = 0.4250 (in uw) for gi, or 0.3500 for ge, T is the color temperature, and ¢c2 = 
14320. The intensity of the starlight at d is 


—1)-1dy 


and 


33 Methyl-Methacrylate Polymer, manufactured by the Dupont Company. 

34 A graphical chart reading altitudes to + }° as a function of hour angle and declination was found 
very useful in this respect. Cf. W. Bartky, Highlights of Astronomy, p. 69. University of Chicago Press, 
1935. 

35 These values are in good agreement with the measures of A. H. Pfund (J. Opt. Soc. Amer., 29, 291, 
1939), although Lucite is not homogeneous enough for laboratory measurements on other samples to 
have been used here. 
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Therefore, 
In (5X — gr) a(;)=5 in *) 
or 


Sr, he 


where ¢ is a weighted mean value of ¢, in the interval \, to dy. Since g changes very 
slowly with \, this formula is quite accurate enough with a straight mean value® of ¢. 
TABLE 5 
STANDARD STARS 


o And. B5-cA2 3.63 0.26 (2) 0.78 (2) 1.00 (2) | 
FO 3.44 a 1.60 (2) 1.70 (2) 1 
| AO 3.02 .48 (5) 0.87 (4.5) @.S) 1 
BI 3.55 oe 0.86 (4) 0.96 (1.5) 2 
A5 2.42 (4) 1.35 (3.5) 1.41 1 
a Cam. BOe 4.38 8 Hh 0.93 (7) 0.87 (7) 2 
& A5 2.98 (1) 1.26 1.47 (0.5) 2 
dF5 2.42 .29 (2) 1.74 (3) 1.79 (0.5) 1 
B3 3.44 0.97 (2) 1.01 (1.5) 1 
B3 3:72 0.76 (2) 0.78 (2) 2 
a Cep..... 2.60 .36 (7) 1.54 (6.5) 1.60 (2.5) 4 
5 Cyg..... Ao | 2.97 ‘42 (3) | 1.02 (2.5) | 1.48 (1.5) |] 3 
B5e 4.47 0.96 (2) 0.86 (2) 1 
B8 3.88 0.78 (2) 1.16 (2) 3 
& Dre..... B5 3:22 at 1.00 (3) 0.90 (2) 1 
A0Op 3.30 (3) 0.98 (3) 1.40 (2) 2 
a Oph.. AS 2.14. 41 (10) 1.34 (9.5) 1.70 (6) | 
AO ye 48 (8) 0.92 (8) 1.38 (7) 1 
Pee... B8& 3.61 @) 0.97 (2) 1.06 (2) 1 
m Cyg..-.. B3 | 4.78 | 0.19 + | 0.98 ¢t 0.13 + * 


* Standard star used by Aller, Ap. J., 93, 236, 1941. 
Not measured by Chalonge and co-werkers. 


For a comparison of intensities at wave lengths greater than and less than \ 3700 we 
have, by definition, 


Ssz00 


°6 S'3700 ( ¢2) 


= D, the Balmer discontinuity. 


% The rigorous formula is derived as follows: 
C1 


Sk = 55 


(1 — e-@2/AT)-1 = 
( , 
C2 


which takes account of the slow change in ¢,. The error in equation (3) is less than 5 per cent for ¢ > 


0.55. Greaves, in the Greenwich publication Colour Temperatures of Stars, 1932, concluded that stellar 
energy-curves were better represented by ¢ = Constant, in which case equation (3) is exact. 
‘ 
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Using equation (3) first for log and again for log 
one finds 


Sr 
log Slog — 0.43430 (5 53700) + (4) (4) 


where A; > 0.3700, A» < 0.3700. 

Table 5 lists the standard stars used; their spectral types; visual magnitudes; the 
quantities D, gi, and g:, with their weights; and the number of nebular spectra with 
which each standard was compared. 


REDUCTION 


Microphotometer tracings at magnification 30 were taken along each of the standard 
stellar spectra parallel to the dispersion, and along the nebular spectra at distances from 
the nucleus great enough to avoid the nuclear spectrum. The films reduced were the ones 
of the best guiding qn which the nuclear spectrum appeared as a fine line less than 0.01 
mm wide. In some cases tracings at magnification 100 were taken across the nebular 
spectra in order to check on the accuracy of guiding and to obtain the distribution of 
intensity across the nebular disk. 

On the tracings along nebular spectra, all known emission lines*’ were plotted with 
the proper width,** and positions (wave lengths) were chosen where the lines did not 
overlap. In the visual region there were suitably wide gaps in all the nebular spectra at 
dA 5100, 4150, and 3900, except for NGC 7027,* where \ 4050 and \ 3945 were clear 
gaps. These gaps were quite apparent on the tracings as minima in density. In the 
ultraviolet region no lines have yet been found between the high Balmer members at 
3700 and the line \ 3445 of O1n. Therefore, measurements of Ba, were made at 
dA 3650, 3600, 3550, 3500, 3400, and 3300, and a measurement of background Balmer 
lines plus V, at A 3680. 

On the tracings of the stellar spectra, ‘“envelope curves’’ were drawn over the higher 
Balmer lines as nearly as possible similar to those drawn by the French observers*?® in 
reducing their spectra, and densities from these envelope curves were measured at the 
same wave lengths as the nebular spectra. In all the equations, 5) refers to the intensity 
of starlight corresponding to the envelope curve; i.e., the stellar absorption lines have 
been smoothed out. 

The nebular line, 1/6, was well exposed on the nebular spectra and was therefore used 
as a reference point for intensities. The densities of star and nebular spectrum at Hé 
were reduced by the 76 characteristic curve to the quantity Rs, which is the ratio of flux 
in the nebular line which struck a unit area of the plate to the flux of starlight of \ 4102, 
which struck an equal area. Assuming that dS,/d) is nearly linear in \ at H6, 


~ (csc a,—cse a,) 
8 


37 Wright, of. cit., pp. 193-239. When a reasonably complete list of lines was not available for the 
nebula in question, the composite list on p. 242 was used. The more complete lists of Bowen and Wyse 
(Lick Obs. Bull., 19, 1, 1939) were also used. 


38 A slit width of 1.00 mm corresponds to 26.5 A at H6, to 3 mm on the F/1 tracings, and to 6 mm on 
the F/2 tracings. 


39 Cf. Bowen and Wyse, Joc. cit. 
49 Cf. J. de phys., 6, 137, 1935. 


log Rs = log 
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where J; is the intensity of the nebular H6, 
Ws is the slit width used for the star spectrum as projected on the plate, 
ts is the transmissivity of the ground Lucite at Hé, 
(d\/d x)s is the dispersion of the spectrograph at Hé, 
As is the transmission of the atmosphere at 6, and 


a, and a, are the altitudes, at mid-exposure, of nebula and star, respectively. 
Similarly, at a wave length A, where the nebular emission is continuous, 


log R= log Ax a,—cse (6) 


where Rj is obtained from the measured densities and w, is the projected slit width on 
the nebular spectrum. 

E. Pettit*! has shown that the wave-length dependence of the atmospheric transmis- 
sion can be represented by 


log Ay= q —C,r~4 —C.t(O;), (7) 


where g is a constant, 
log = 17.58 — 56.42, 


and ¢(O3) is the thickness of ozone in centimeters at normal temperature and pressure. 
For this reduction, 4(O3) was assumed to be 0.17 cm, a normal value. Barbier and 
Chalonge have shown that C; = 0.0043 6/760, where d is the barometric pressure. The 
value C; = 0.0033 + 0.0001 was adopted for Mount Locke (elevation 6790 ft.). A curve 
of log (As/Ax) was drawn which ran from +0.062 at A 3680 to +0.178 at 3300, and 
the necessary values were read from this curve. 

By combining equations (5) and (6), and substituting log (.S;/.S,) from equation (3) 
we get, for the Ba,, 


= log Ry — log Rs | 2, (>) ] + log 0.115¢,—D 


(8) 
—5lo 703) + (csc a —csc a,;) lo 


where A < 0.3700 and the final term was neglected if less than 2 per cent. In the visual 
region the atmospheric reddening can be neglected, and 


log 7. = log Ra log Rs log | dx Flog? — 0.434361 0.4102 | 


— 5 log | 
where A > 0.3700. 


ERRORS 


Many photometric studies suffer from the lack of even a mention of errors in the 
measurements. It has seemed worth while to estimate the errors in the present results 
rather carefully—first, in an a priori manner, and, second, from the average deviations 
of the measured intensities from the mean values. The agreement between the two esti- 
mates is a satisfactory over-all check on the method and technique of reduction. 


Ap. J., 75, 212, 1932. 
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If the error in a quantity is indicated by the prefix A, and if the errors in various 
quantities are independent, we get, from equation (8) 


A? log = A? log Ri log log (0.115)? 
(10) 
1 2 

+| 0.4343 2.703) | 


where errors in \, d\/dx, wp, a, and A) are neglected because they are less than 1 per cent. 
The error A log R arises from three distinct sources: (a) the error in measuring each 
density, which can be taken as one-half the average deviation due to grain, + 0.01; (d) 
the error in drawing the characteristic curves and in reading log 7, which was estimated 
to be less than +0.01 for each log J; and (c) the error resulting from the uncertainty in 
the wedge constant, My, equation (1), which varies with the ratio of the intensities to be 
compared. It was decided that results depending on 0.2 < log R < 0.8 should be givena 
unit weight, and for these the error in M) introduces an error of +0.01 in log R. Thus, 
A? log R < 2(0.01)? + 2(0.01)? + (0.01)?. Also A log (4/ts) < 0.02, as was mentioned 
in connection with Table 4. 

For the average standard star used, the weights assigned to the values of ¢1, gs, and 
D were 2 or larger. Hence, A*g; = A*’g: = (0.08)?/2, A?D = (0.01)?/2, and A log 
(1)/Is) = 0.039, which corresponds to a root-mean-square error in one observation 
of unit weight of +9.5 per cent in J,/Js. The probable error is thus +6.5 per cent. 

On summing m deviations of individual determinations from the mean values of 
log (J,/Is) given in Table 6, the average error of one observation was calculated to be 
+7.5 per cent. The probable error of one observation deduced from this is + 6.5 per cent, 
in excellent agreement with the a priori estimate. 

The systematic discrepancy between observed and theoretical log (H./Hs5) in Part I 
cannot arise from an error in the zero point in the color-temperature scale, i.e., in ¢). 
From equation (10) for A = 3650 it is clear that, to increase log (Ba./H;) by 0.25, 
gi would have to be decreased by —2.2; and this would in every case imply a color 
temperature more than infinite.*? Similarly, a change of — 14.7 in ge would be required, 
which is also quite impossible. The probability of systematic errors in D amounting to 
0.25 is very low. 

In connection with a detailed study of the Ba, it is useful to know the relative errors 
in J,, as well as the errors in /,/H6, i.e., A log (J),/Jy,). For this case equation (9) 


reduces to 
A? log loge, +4 og (0.4343)? Ags (11) 


where 3700 > (Ai, Az) > 3300. For \ 3650 and d 3400, A log (J),/,,) = 0.023, cor- 
responding to a probable error of +3.8 per cent. The error in log (4,/4,) has been 
reduced by a factor 2 because the wave-length range is smaller. 


III. THE PHOTOMETRIC RESULTS 


In Table 6 all the accurate measurements of continuous emission are listed. Columns 
5 and 9 give the exposure times of nebular and stellar spectra, respectively. In column 
10, Aa is the difference between mid-exposure altitude of star and nebula (positive for 
nebula lower than star), and.a is the average of the two exposures. An asterisk in this 


42 Since = (¢2/T)(1 — where \; = 0.425; as T— &, 0.425. 


wee 
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column indicates that a correction was made for Aa. The slit widths used for nebular 
and stellar exposures are listed in columns 4 and 8, and the camera and emulsion used 
are given in columns 11 and 12. 

Columns 14 through 22 of Table 6 give the individual measurements and weighted 
mean values of log (,/Js) for nine wave lengths. In some cases the far ultraviolet was 
not measured because the standard stellar spectrum was underexposed. The values of 
log (Ix/Is) are weighted according to the weights given in column 13, which were de- 
termined in the following manner. It was considered that the weight should be low in 
any of the following cases, and a weight factor of 2 was assigned when (a) any two of the 


lo 
NGG 40 
5 


Te = 7000 
6720 
xp-e. 0.5 
0 


He(A)/Hs X 10° 
on 


(5 

| l l | 
T 
Ve / HE x 108 8 
§ 

Fic. 4a 


weights of gi, ¢2, or D were less than 2 (¢2 was always of lowest weight); (6) any “den- 
sity”’ (w/o) was greater than 0.9 (underexposure) ; (c) any ‘“‘density” was less than 0.1 
(overexposure) ; (d) any |log R| was greater than 0.8; (e) the star exposure was less than 
one-sixth of the nebular exposure; and (f) the correction for change in characteristic 
curve was necessary. The weight should be increased in any of the following cases; and 
a weight factor of $ was assigned when (a) all of the weights of ¢:, gz, and D were greater 
than 3; and (0) all {log R|’s were less than 0.2. 

Some films fell in none of these classes and were assigned weight 1. Some films were 
assigned two or more weight factors according to the above schedule, and the product of 
these was taken as the final weight. 
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Averaging the results from different plates is straightforward except where observa- 
tions are lacking in the ultraviolet. In the case of NGC 40, for instance, the weighted 
means of the first four values of log (J,/Js) in the Ba, region were first averaged, and the 
average deviation of Plate Q230 from the weighted mean was found to be +0.016. This 
quantity was then added to the values of log (J,/Js) at \ 3400 and \ 3300 in order to 
reduce them to the scale of the weighted means. Such a procedure insures the proper 
relative values of log (J,,/J,,) at the different wave lengths. 


15 
6826 
o- 
Te = ° 
9000 
6833 ° 
Xpe. = ° 


He(A)/Hs X 10% 


7009 


Fic. 4b 


Vol Hg X 103 


Column 3 in Table 6 defines the part of the nebular disk at which the measurements 
were made. The distance in seconds of arc from the nucleus is listed. In every case 
except NGC 40 the slit was north-south and was centered on the nebula, and the 
measured part of the nebular disk was therefore directly north or directly south of the 
nucleus. On NGC 40 a wide slit was used with one edge near the nucleus (for accurate 
guiding). Measurements were made in this spectrum at points corresponding to a posi- 
tion south-east, in one case, and north-west, in the other, of the nucleus. 

The differences in log Ba, between one part of NGC 40 and the other are, in several 
cases, a little larger than the probable error of one observation. A similar difference has 
been noted between the east and west sides of NGC 7662. If such differences are due to 
local variations in T., the variations would amount to 500° or 600° K (cf. Fig. 3). 


; 


| 
| 
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I5 
0 I 
Wn = 0.50 
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| 
15 | 
10 ‘ Te = 9500° 
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The large number of digits are carried in Table 6 despite the large deviations, be- 
cause, as shown in Part II, the relative error between intensities within the Ba, are much 
smaller than the deviations would indicate. The probable error of unit weight is +0.028 
in log (J)/Js), or, since the weight of the mean values is usually 2 or greater, A log 
(I,/Is) is less than +0.02 (5 per cent). The relative errors are about one-half as great. 

For the V./H6é measurements the probable error of unit weight is calculated by the 
same method to be + 17 per cent, and V./Ba, is therefore in error by + 18 per cent (p.e.). 
As noted previously, the V, seems to be constant with \; and, assuming this constancy 
to extend through the Ba,., the average value of V./Hé has been subtracted from 


2- NGC 7027 
= +0.14 
Oust 


oO Te = ° 
5 I 5217 $000" 
xpe. = +05 


He/Hs 10% 
] 


4-4 
7662 
3-4 
re) — | 
V./HsX 103 8 
Fic. 4c 


Ba,/H6 to obtain the true (hydrogen) Balmer continuum, H.(A)/H6. This quantity is 
plotted for each nebula in Figure 4. The wide slit smoothes out, to some extent, the 
sharp rise at \ 3650; but, although it is possible to make an accurate correction* for 
this lack of resolving-power, it was not considered worth while in the present instance. 
The projected width of the slit is merely indicated at the center of the rise on each 
graph. For w, = 1.00 mm the width at A 3650 is 18.8 A in either camera. 

In Figure 4 each curve of H.(A)/H6 starts, at the long wave-length end, at the value 
zero; and the scale of H./H6 per angstrom unit is given at the left. The intensities of 
the superposed V../H6 are indicated on each graph by the line at the left. The relative 
probable error, about 3 per cent of Ba,, is indicated at the right of each curve. It was 
necessary to plot H./Hé for NGC 7027 and 7662 at five times the scale of the other 
curves. 


43 Cf. Page, loc. cit. 
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The full lines on each graph represent the theoretical decrease of H.(A)/H6 for the 
T,. assigned by Menzel. The relation is 


H.(A) = e ~hel(1/A) —(1/0.3647)] /k Te (12) 


Except for a few points in the far ultraviolet, the agreement is good and may be 
taken as a check upon the order of magnitude of the electron temperatures assigned by 
Menzel and his co-workers. The measurements are not accurate enough, however, to 
determine 7, with precision. The discrepancies at \ 3400 and A 3300 cannot be due to 
ozone absorption unless the ozone layer changed its thickness by 43 cm. at normal tem- 
perature and pressure between nebular and stellar exposures. The rise toward shorter 
wave lengths may indicate the absence of a Maxwellian distribution of velocities among 
the free electrons, or an ultraviolet excess in the spectrum of the nuclear star the light 


—2.5- 
=, 96, 604) 
ad 


of which is scattered by the nebula and appears as continuum superposed on the Ba,. 
It is more probable that the discrepancy is due to the poorly determined characteristic 
curves for some of the plates in the far ultraviolet. 


COMPARISON WITH OTHER MEASUREMENTS 


Two previous sets of measurements of continuous emission in the planetaries are 
available for comparison with the results of this program. In 1936 the author published 
values for NGC 7027 and 7662 which were reduced from plates taken at the Dominion 
Astrophysical Observatory by H. H. Plaskett. They were standardized by means of a 
laboratory lamp, the color temperature of which had been determined in the region 
d 6700 to \ 3400. From these plates a rapid decrease of H. with decreasing wave length 
was found; and this led to extremely low values of 7., as determined from equation (12). 
Menzel and Aller,* '? found this to be incorrect, and Figure 5 further indicates that the 
earlier measurements were in error. Probably the ratio of telescope reflectivity to that 
of the diffusing surface (MgCO;) used with the lamp was not determined accurately 
enough in the far ultraviolet. However, the ratio H,(3600)/H6 determined in 1936 is 
in fair agreement with the present values (cf. Table 7). 
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In Table 7, a comparison is made between Aller’s measures of Ba,/H6é and the present 
values. Aller’s standard was 7; Cygni, a B3 star, not one on the Chalonge list. He 
measured total intensities (from all parts of the nebular disk) on slitless spectra. The 
agreement is fairly good, except for NGC 7027 and 7662. 


TABLE 7 


COMPARISON OF MEASURED VALUES OF LOG Ba,/H6é 
(Ba,.= Measured Intensity per Angstrom Unit at \ 3630) 


Nebula Page Present 
NGC 93:236) (M. N., 96:604) Values 
2.22 —2.49 2.46 
1.97 (4°9 west of 
nucleus) 

7662 —1 85 (4"9 east of —2.02 

nucleus) J 


IV. CONCLUSIONS 


THE VISUAL CONTINUUM 


In a former paper“ several possible explanations of the visual continuum have been 
examined, and it was decided that scattering by nebular dust could account for the ob- 
served intensity. Later H. Zanstra*® showed this explanation to be unlikely. 


TABLE 8 
POSSIBLE INTENSITIES OF V, PER ANGSTROM RELATIVE TO Hé 
SMEARED BOWEN AND 
NEBULA MEASURED Wen THRESHOLD T 
NGC Ling, Int. 0.5 * 
Int. 10 Int. 1.0 
1.651073 7.8X1073 0.5310-3 1.61073 86000° 7 
1073 3.3X10-3 107% 1.11073 78000 7 
4.051073 0.0 0.0 1.6X10-3 40000 5 


Another possible explanation of the V, lies in the numerous faint lines found by 
Bowen and Wyse** on long-exposure spectra of NGC 6572, 7027, and 7662. Such lines 
would overlap to form a fairly continuous emission band on wide-slit or slitless spectra. 
Columns 3 and 4 of Table 8 give the smeared-out intensity (per angstrom) of all the lines 
below certain limits of intensity, listed by Bowen and Wyse between \ 5000 and A 4000, 
assuming a slit width of 1.00 mm, corresponding to 18.8 A. These values may be taken 
as an indication of the magnitude of spurious V. which might be measured in nebulae 
where no such list of emission lines is available. The measurements of V. in NGC 7027 


44 Page, loc. cit. 
Observatory, 1936. 46 Bowen and Wyse, Lick Obs. Bull., No. 495, 1939. 
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and 7662, however, were carefully made between the lines listed by Bowen and Wyse. 
If emission lines just below the threshold intensity of their spectrograms (0.5 on their 
scale) were at these points, the intensities given in the fifth column of Table 8 would be 
measured. 

It appears from Table 8 that the intensity of V, can possibly be explained as a 
smeared intensity of faint lines. This identification is not supported by the correlation 
noted in Part I (p. 82): the ratio of V. to Hé6 is systematically smaller for nebulae of 
higher nuclear temperature, whereas the results of Bowen and Wyse (Table 8) indicate 
that there are more faint lines in nebulae of higher excitation. Another objection is 
based on the space distribution of the V.. emission in the nebulae, which was shown in 
1936 to differ from that of the Ba,, the H lines and the forbidden lines AX 5007, 4959, 
3889, and 3869. 

Until more data are available, it will not be possible to specify with certainty the 
source of the continuum the integrated strength of which is comparable to Hé6 in the 
measured region AA 4000-5000 and which may extend through the whole spectrum, 
totaling more intensity than all the hydrogen lines. 


THE BALMER CONTINUUM 


The discrepancy between measured and calculated values of the Balmer continuous 
emission is considered too large to be explained by known errors in the observations. A 
review of the theoretical calculations seems to be advisable. 
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THE SPECTRA OF CH STARS* 
Puitre C. KEENAN 


ABSTRACT 


Five high-velocity carbon stars for which spectra have been taken in the blue region can be termed 
“CH stars’’ because of the great strength of the bands of this molecule. The (0, 0) and (1, 1) bands of both 
the 2A — 2II system and the *2- — *II system have been identified in two of the hottest of these stars. 
These and overlapping fainter bands from higher vibrational levels not yet analyzed in the laboratory 
probably account for the suppression of most of the atomic lines between d 3883 and d 4430. 

Of the atomic lines which are visible, the hydrogen lines and those from ionized elements, particularly 
Sr*, Bat, and Ti*, are relatively strengthened in HD 76396 and HD 5223, as compared to a KO giant. 
Low-excitation lines of neutral elements show the greatest weakening. This behavior suggests rather high 
luminosity for these stars, but the line spectrum is definitely peculiar. 

Equivalent spectral types of the CH stars range from G5 to K4 if it is assumed that they do not 
differ greatly in luminosity from the other carbon stars. 


The majority of the hotter members of the red carbon stars can be assigned equiva- 
lent types corresponding to those of the normal stars in the range G-K. This was done 
by using ratios of those atomic lines which can be observed in the blue region of the spec- 
trum in the spaces between the bands due to the carbon compounds C2, CV, and CH. In 


TABLE 1 
CH STARS 
Star Me l b Ten (4215) | Tce Vr 
HD 5223...... | 8.8— 2 | R3 | —234km/sec | 07145 
WAT asc: 8.3-9.0 122 —44 8 2 9 R8 183 .034 
HD 76396. .... 8.8— 134 +41 10 1 2 R5 
63) 

HD 112869....; 8.8— 74 +79 8 5 8 R3 128 .019 
HD 209621....} 9.2-9.6 47 —27 9 8 2 R6p | —383 0.011 


this way a zero point was established which was extended to the redder stars on the basis 
of progressive changes in the appearance of the visual region on spectrograms of low 
dispersion.! However, a few of the stars which are hot enough to be photographed in 
the blue part of the spectrum could not be readily classified because their atomic lines 
are so unusually weak that only H and K can be recognized even on spectrograms of 
moderate scale.” Since all the stars showing this peculiarity are characterized also by 
great strength of the G band of CH, it will be convenient to refer to them as CH stars. 

Of the early carbon stars (class R in the Henry Draper Catalogue) observed at Yerkes, 
five, or about one-quarter of the total, were found to have this character. They are listed 
in Table 1, in which galactic co-ordinates are given in the third and fourth columns, 
followed in the next three columns by the intensities of the band systems, estimated on a 
scale running from 1 for just perceptible bands to 10 for those of great strength. The 


* Contributions from the McDonald Observatory, University of Texas, No. 51. [This work was inter- 
rupted by Dr. Keenan’s departure on an assignment for research in connection with the war.— 
O. Struve, Ed.| 


' Keenan and Morgan, Ap. J., 94, 501, 1941. 2 Tbid., Pl. XXIII. 
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radial velocities in the ninth column were taken from Sanford’s catalogue’ except for the 
value given in parentheses, which was derived from metallic lines measured on the 
McDonald spectra. The annual proper motions in the tenth column are from the list of 
R. E. Wilson.* 

The galactic longitudes of all the stars of Table 1 lie in the hemisphere opposite to 
that toward which the high-velocity stars in general are moving. Hence, the negative 
sign of their radial velocities is normal—in fact, two of them are in Oort’s original cata- 
logue of fast-moving objects.® It is possible that all carbon stars with high velocities are 
CH stars, for the remaining eight carbon stars with radial velocities greater than 60 km/ 
sec are all either so faint or so red that their spectra have not yet been observed in the 
region of the CH bands. 

A very rough estimate of the luminosities of the stars in Table 1 can be made by 
assuming that their tangential and radial velocities are similar. Then the relation 
a = 4.74 u/Vr gives their mean parallax at apparent magnitude 8.8 as 07001, cor- 
responding to M, = —1. This value suggests that they do not differ greatly in lumi- 
nosity from the other carbon stars. However, for HD 5223 there is an observed parallax 
of 07045 +0.010,° corresponding to M, = 7.1. In view of the relatively large probable 
error of this parallax, it will be highly desirable to have further determinations to show 
whether the discrepancy is real. 

In order to investigate with higher dispersion the character of the spectra of the CH 
stars, two of the bluest, HD 5223 and HD 76396, were photographed with the Cassegrain 
spectrograph on the 82-inch reflector. With the 500-mm camera and glass prisms (scale: 
26 A/mm at Hy) it was found possible to reach \ 4000 with an exposure of 4 hours on 
Agfa Super Plenachrome Press films preheated for 3 daysat +50°C. Plates VI, VII, and 
VIII reproduce the spectrum of HD 76396 from the H-line to \ 5580. The best exposure 
on HD 5223 has slightly less density but is similar in all essential details. In addition, 
HD 76396 was photographed as far as A 3600 in the ultraviolet through the quartz prisms 
(scale: 35 A/mm at \ 3800) on an Eastern 103a-0 plate with an exposure of 6 hours and 
is shown in Plate V. 

Spectrograms were also taken of several normal carbon stars in the blue and green 
regions, and of V Ari in the green; but, because the bands of Cz and CN are relatively 
weak in HD 76396, the extent to which the spectrum is altered when the CH bands are 
very intense can be studied best by comparing it with ordinary stars of types G and K. 


THE MOLECULAR ABSORPTION SPECTRUM 


The most complete investigation of the spectrum of CH as produced in the laboratory 
has been published by Fagerholm.’ In the region > 3600 there are two observed band 
systems, in both of which the lower electronic level is the normal "II state. 

The bands all possess P, Q, and R branches, whose positions are indicated below the 
spectra in Plates V-VIII. For the G band the individual lines or blending groups are 
marked for the P and R branches but are too closely crowded in the Q branch to be 
shown. Since the (0, 0) and (1, 1) bands are almost coincident and appear to be of nearly 
equal strength, there are eight subbranches contributing to the complexity of the spec- 
trum; and it is evident that the strongest features shown by HD 76396 in this region 
occur where two or more subbranches coincide. To the left of \ 4216 the spectrum is 
further confused by the blue CN band, which has about the same strength in HD 76396 
and a normal KO giant. Between \ 4216 and d 4420 the lines in the spectrum of HD 


3 Ap. J., 82, 202, 1935. 
‘Ap. J., 90, 486, 1939. 6 Pub. Leander McCormick Obs., 8, 43, 1940. 


5 Groningen Pub., No. 40, p. 30, 1926. 7 Arkiv f. mat., astr., och fysik, A, 27, No. 19, 1941. 
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76396 are due almost entirely to CH except in a few gaps. The extreme weakening of 
Ca 4227 is conspicuous. The P branch falls just at the position of the Swan bands with 
Av = 2, but a comparison with the carbon stars of later type indicates that in HD 76396 
the contribution of C2 to the absorption in this region is very slight. 

The ?2~ — *II bands are simpler in structure, each branch consisting of a series of 
doublets which are usually not resolvable on the scale of our spectra. In Plates V and 
VI it will be seen that every strong absorption marking between \ 3883 and A 4000, with 
the exception of H and K, coincides with one or more doublets of the P and R branches 
of the (0,0) band. In many cases the band lines are blended with atomic lines; but, 
where the latter fall between the bands, they are seen to be faint. 

The considerable strength of the Q branch of the (0,0) band and both the R and the Q 
branches of the (1,1) band even for the lines corresponding to the highest quantum num- 


TABLE 2 
BANDS OF CH 
Transition Spectral Region of Band 
2A — 211 , (0, 0) and (1, 1).... 44300 (G band) 
3900 
| 4000 (called ‘‘Raffety band” 
by Grenat) 
TABLE 3 


PREDICTED LINES IN 22-—?2I1 SYSTEM OF CH 


Band Branch K 6396 
1, Os 19 | 4000.7 | 4001.1 
«4016.1 4017.2 

21. 4033.2 4034.5 (Blend 
| with Mn 4033-4) 

One 10 4085.0 4084.9 (B1) 
11 4096.2 4096.5 

Ri, 11 4133.8 4134.0 (B1) 

12 4149.4 4149.5 (B1) 


bers observed by Fagerholm suggests the desirability of extrapolating his wave numbers 
to higher values. This cannot be done with precision, for the higher terms show rather 
large and irregular fluctuations. However, three additional lines in the (0,0) band, Q 
branch, were computed from a fourth-power formula fitted to his wave numbers. The 
(1,1) band was extended two terms by extrapolating directly the second differences of 
the wave numbers. : 

The stellar absorption features listed in the fifth column include several of the 
strongest lines observed in HD 76396 and HD 5223. However, the agreement with the 
predicted wave lengths must be regarded as merely suggestive until more extensive 
laboratory measurements become available. 

In the region shown on Plate VI there are only two atomic lines which are not weak- 
ened in passing from 6 Aur to HD 76396. Those are Hé and Sr 11 4077.7. Otherwise 
every strong line in the lower spectrum is at least provisionally accounted for by CH 
with the exception of \ 4104.6, which may be due to a blend of the 3” Fe lines, 4104.1 


and 4104.9. 
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Since almost all the measured lines in HD 76396 are blends in spectra of this disper- 
sion, the measured wave lengths are not tabulated here. No evidence was found in a 
difference in the radial velocity indicated by the atomic and the molecular lines, respec- 
tively. 

The bands corresponding to the higher vibrational levels of the ?2~ — *II system, not 
yet observed in the laboratory, can be expected to be rather strong at the temperatures 
of the early CH stars. They will be partly superposed upon the known bands, and the 
ensemble will result in an absorption semicontinuum which is probably adequate to ac- 
count for the weakening of the atomic lines in these stars. In the case of the 7A — *I] 
system the higher bands may merge into a continuum because of the predissociation of 
the 7A state. 

Further evidence of the extent of CH absorption is furnished by Plate VII. Between 
the head of the Q branches at \ 4315 and the strong, narrow band at Ad 4323-4, which 
is known to be due to CH,’ there are no known CH lines. This strip of spectrum is rela- 
tively much stronger compared to the surrounding regions in HD 76396 than in the 
ordinary stars. It is of interest to note that the most favorable possibility for the stellar 
identification of CD is provided by the corresponding sharp band of this isotope at 
\ 4319.7, almost in the center of this gap. However, there is no trace of such a band in 
the CH stars, and the wave length is not sharply enough defined to permit identification 
with any of the very faint lines in this part of the solar spectrum.’ 


ATOMIC LINES AND SPECTRAL TYPES 


Between A 4430 and the absorption due to the Swan bands, beginning near \ 4600, 
most of the usual atomic lines are present in HD 73696. Unfortunately, few of the lines 
in this region are sensitive indicators of spectral type or luminosity. Nevertheless, a 
comparison with the spectra of a number of G-type stars has proved of interest. Most 
significant is the enhancement of Ba 11 4554.0 in the early CH stars. In the later carbon 
stars this line is blended with 4553.1, one of the narrow band heads of the green system 
of CN; but in HD 76396 the measured wave length and the absence of the other five CV 
heads make the identification with Bat rather definite. In Plate VIII it can be seen that 
the adjacent lines 4554.4 of 77 and the blend of 77, Fe, and Fet at AX 4555-4556 are 
comparable to \ 4554 in 6 Aur but are scarcely visible in HD 76396. The next line to the 
violet is Ti 11 4594.6, which has approximately the same strength in both stars. The first 
line visible to the red of \ 4554 in the lower spectrum is 4560.1, which is probably due to 
C2, since it is prominent in stars in which the 4737 band is strong. The identification is 
not certain because the line lies outside the region covered by Johnson’s laboratory 
measures.!° 

Also conspicuous is the weakening of the low-excitation line 77 4536 in HD 76396. In 
HD 5223 the line is not quite so faint. 

In general, low-excitation lines of the neutral metals, Fe, Ti, Ca, etc., show the great- 
est weakening in the early CH stars, as compared to KO giants. Neutral lines with 
excitation potentials of 3 volts or higher show less change. The hydrogen lines (see HB 
in P]. VIII) and those of the ionized metals, 7i+, Sr*, Ba*, etc., are relatively enhanced. 

These differences indicate a higher temperature for the two CH stars. If they are 
giants or brighter, the equivalent spectral type would be about G5 for HD 76396 and 


8 Fagerholm, Naturwissenschaften, 25, 106, 1937. The suggestion that this is the Q branch of the (2, 2) 
band has been made by Gerd, Physica, 7, 155, 1940. See also Geré and Schmid, Naturwissenschaften, 29, 


239, 1941. 


® Richardson’s identifications of CH lines in the solar spectrum (Ap. J., 77, 195, 1933) are easily ex- 
tended by Fagerholm’s tables to include a number of additional lines around \ 4000 in the Revised 


Rowland. 
10 Phil. Trans. R. Soc., A, 226, 157, 1927. 
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G6 or G7 for HD 5223. If they are dwarfs, the type must be considerably earlier to ac- 
count for the strength of the lines of the ionized elements. The relatively great strength 
of Srt and Bat, which have low ionization potentials, suggests rather high luminosity; 
but it is dangerous to apply the usual luminosity criteria to such peculiar stars in which 
stratification effects may alter the behavior of different elements. However, there must, 
in any case, be an extensive atmosphere of low density to produce the strong enhanced 
lines, and it does not seem likely that this could be an extended shell surrounding a 
dwarf star, for such a structure would offer a favorable case for the detection of chromo- 
spheric emission, of which no trace has been found in the CH stars. 

The temperatures of these stars can be estimated from the appearance of the visual 
region. The criteria used previously in classifying the carbon stars are the energy dis- 
tribution, the intensity of the D lines, and the gradient of the \ 5635 band sequence of C2. 
On small-scale spectra taken at Yerkes the CH stars were compared with several normal 
carbon stars, chiefly HD 156074 and HD 113801. The effective temperatures of Table 4 
were determined directly in this way. The equivalent types are valid only if the CH 
stars do not differ greatly in luminosity from the other carbon stars. Here, again, the 


TABLE 4 


TEMPERATURES AND EQUIVALENT 
TYPES OF CH STARS 


Equivalent 
Star Ties Te 
HD 76396.............. (G5-6) 4600 
HD 209621.............. (KO) 4100 
} 


data for HD 76396 and HD 5223 suggest that they are at least as bright as giants. If 
they were dwarfs, their types would have to be KO or later to give the observed colors, 
and such late types would be inconsistent with the strength of the lines from ionized 
atoms in their spectra. 

An interpretation of the spectra of this group of peculiar high-velocity stars is beyond 
the scope of this paper, but it is reasonable to conclude that their atmospheres must con- 
tain relatively greater proportions of both carbon and hydrogen than do ordinary stars. 
This picture is in line with the suggestion of Wurm!" that the early carbon star HD 
182040, in which the G band and H@ are both very weak, has an atmosphere deficient 
in hydrogen. 

It should be noted also that in respect to the general weakening of atomic lines in all 
parts of the spectrum and the relative enhancement of the lines from ionized atoms the 
CH stars are similar to the irregular variable SV UMa,” which is also a high-velocity 
star, having V; = —95 km/sec. This star has a spectral type near KO and is situated 
at a considerable distance from the galactic plane. 
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" Naturwissenschaften, 29, 1941. A copy of the proof of this paper reached the Yerkes Observatory 
before the outbreak of the war. 
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RADIATION PRESSURE IN THE POINT- 
SOURCE STELLAR MODEL 


Louis R. HENRICH 


ABSTRACT 


The effect of radiation pressure in a point-source stellar model is investigated. Envelopes in radiative 
equilibrium with the opacity following a corrected Kramers law are fitted to cores in convective equilibri- 
um for four different values of the ratio of radiation pressure to gas pressure at the center. The theo- 
retical mass-luminosity-radius relation is obtained and is applied to determine the hydrogen content of a 
few stars. The model appears to be a possible one for stars of less than ten times the solar mass. It does 
not appear to be applicable to the Trumpler stars. 


1. Introduction.—The purpose of the present study is to investigate the effect of radia- 
tion pressure in a stellar model having a core in convective equilibrium. If y. represents 
the ratio of radiation pressure to gas pressure at the center of the model, a separate in- 
tegration of the core and envelope equations is needed for each value of y,. The equations 
for the convective cores have already been integrated and published! by the present au- 
thor for six different values of y.. In the present paper four of the models are completed 
by fitting radiative envelopes to the convective cores. 

2. The law of opacity.—One of the first problems in integrating the envelope equations 
is the question of the exact form for the law of opacity in the equation of radiative 
equilibrium. The law assumed is Kramers’ formula corrected by the Gaunt and guillotine 
factors, which is then written as 


k = kopT 3° (4) (1) 


where ko is a constant depending on the chemical composition, p the density, 7 the tem- 
perature, g the mean Gaunt factor, and 7 the guillotine factor. Since (g/7) cannot be 
expressed in a simple manner in terms of p and 7, it is necessary to use an approximate 
expression for it. 

To determine this approximate expression the following procedure was adopted. A 
star of the solar mass and radius was assumed to be built on the Cowling? model. On the 


basis of this assumption the actual temperature and density distribution in the model - 


may be computed. Using these values of T and p and assuming an appropriate chemical 
composition, we may obtain from the tables of P. M. Morse’ the values of log (7/g). On 
plotting these against log 6, where 6 = 7/7, and 7, is the central temperature, it is 
found that for a certain part of the envelope region between the core and a certain value 
of 0, say @, we may assume that 


(2) 


and for values of 0 < 6, we may assume that 


= 106, =const. (3) 


1 Ap. J., 93, 483, 1941. This paper will be referred to as “paper I’ and the equations therein as “I: n.” 


2 Convective core and radiative envelope with no radiation pressure. Integration given in M.N., 
96, 42, 1936. 


Ap. J., 92, 27, 1940. 
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Thus, the law of opacity may be taken as 


kopT (4) 


After the integration for each value of y, is completed, the general correctness of the ex- 
pression used for (7/z) and the value chosen for 6, may be tested. This is done by taking 
a star of the appropriate mass and using its radius to fix the actual temperature and 
density in the model. Then, with these values of T and p we again enter Morse’s tables 


to determine log (17/2). 
3. The envelope equations.—The equilibrium equations are 


dP GM dM 
(5) =4rr'p, (6) 
and 
4 K 7-1 (4) (7) 
where the total pressure 
(8) 


Here L is the luminosity and is assumed constant in the envelope. .The rest of the sym- 


bols have the same meaning as in paper I. 
Let us make the following substitutions: 


p = pray ; (9) T=T.0=T.a; t, (10) 
r=at=aa)l ; (11) M(r) =My=4ra'py, (12) 
where a is given by 
Sk 
p. 
and where p, is the central density. Then we have 
(14) 
2 c#e 
where 
g=sityt; gi=ab+y.6', (15) 
and 
a pH 
Transforming equations (5) and (6), we find 
dg! Ss. dy 


| 
ve 
rl- 
0- 
es 
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Equation (7) becomes 


di 16mac al7°100, 9) 
dt 106.522 
st 
di pps, (20) 
where 
3 
(21) 


Qo= 1607a 0," 


With the law of opacity assumed, we shall have for the inner part of the envelope 


dt 


where 


= Qots (23) 


and where ¢, is the value of ¢ at the point where the law of opacity changes. Hence, we 
shall have 


2 
— Ones (t< kk) 
(24) 
52 
— (42 kk) 


4. The equations of fit—The next problem to be considered is how the envelope is to 
be fitted to the’core. The usual conditions? for any sort of a fitting are that at the inter- 
face the mass, pressure, temperature, and radius should be the same for both the core 
and the envelope functions. In addition, in the present case there is the condition that 
at the interface the radiative gradient becomes unstable and the convective region be- 
gins. At this point, therefore, the effective polytropic indices for core and envelope must 


equal, so that we have 
= (Stes? (25) 
d log P env d log r core 


where the subscripts‘‘env’’and‘‘core’’ denote that the quantity in parenthesis is evaluated 
on the envelope and on the core side of the interface, respectively. If we assume that the 
mean molecular weight is constant throughout the star, it will also be true that p is con- 
tinuous across the interface. Hence, it follows from equation (5) that dP/dr will be equal 
on both sides of the interface, and we may write equation (25) as 


Pal dr) _(P dr 


= -(¢ (27) 


Instead of using the relation as it stands for the condition of the equality of the effective 
polytropic indices, it is more convenient to use it to determine the quantity Q,, for the 


or 


4 See, e.g., S. Chandrasekhar, An Introduction to the Study of Stellar Structure, p. 171, Chicago: Uni- 
versity of Chicago Press, 1939. 
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envelope, in terms of certain of the variables on the core side of the interface. We have 
from equation (24) 


or, letting 
(29) 
we have 
d@ 
(30) 


In addition to this condition, we may derive two others which will be independent of 
scale factors. They are 


where 
_ 4xpr*. 2 r)p 
M(r)’ rpg ’ (32) 
and where py is the gas pressure. Introducing equations (9), (11), and (12) into equation 
(32), we have ‘ y 
and 
y core £0 core ( ) 
Hence, our four equations of fit are (30), (31a), (314), and the equality of the masses 
WVeore * (3 5 ) 


The core functions which are derived from the integrations of paper I have been ex- 
pressed, for the purpose of fitting, in terms of the variables &, o, 0, y, and Qo. 

5. The starting series for integrating inward from the boundary.—It is readily seen that 
in starting the integrations from the outer boundary we must choose Wr, Qe, and a2 so 
as to have a suitable fit at the interface. (The subscript R indicates that the quantity 
is to be evaluated at the boundary of the radiative envelope.) Hence, the solution of 
the equations of equilibrium in this manner requires essentially a three-parameter set of 
integrations to give a physically possible model. If the law of opacity is retained in the 
usual Kramers form, in which it is not necessary to change it for a certain value of 6, 
it will require only a two-parameter family of integrations. In this case it is not neces- 
sary to choose ag. 

If the integration is made from the center outward, the integration for each value of 
y- can be reduced to making a one-parameter set of integrations—by starting integrating 
at varying distances from the center of the core function. However, the condition for the 
outer boundary of the model is that p and 7 should tend to zero simultaneously. When 
one attempts to integrate the equations with such boundary conditions, it is found that 
it is very difficult to determine the boundary accurately. 

Consequently, in spite of the apparent increase in the amount of computation in- 
volved in determining an “‘eigenvalue’”’ from a three-parameter set of integrations in- 
stead of from a one-parameter set of integrations, it was decided to integrate from the 
outer boundary inward. The method for starting the integration follows and is based 
on a procedure indicated in the monograph by Chandrasekhar.’ However, the method 


5 Tbid., p. 295. 
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has been extended so as to give at least five-place accuracy in the starting values for 


integration. 


In developing the necessary starting series it is assumed that the mass, or y, remains 
constant. This is, of course, perfectly proper, as we can always restrict the region in 
which the starting series is applied so that y does not change in the last place retained, 


Now let us re-write equation (24) as 


Then, dividing equation (17) by equation (36), we have 
d(st+yé) 5 


or 
8Q) s 
or 
Now let 
208 \ 4y. 4y. 
and 


Introducing these substitutions into equations (39) and (36), we have 


and 
dl 
Making the further substitutions 
x? x6 
we have 
dz ( Z 
and 
dl 8 Px? 
Letting 
6 = ’ 


equation (45) becomes 


dz z 


(36) 


(37) 


(38) 


(39) 


(40) 


(41) 


(42) 


(43) 


(44) 


(45) 


(46) 


(47) 


(48) 


| 
| 
= 
| 
pA 
Z; 
= 
\ 
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We shall now obtain an expansion for z as a power series in 6. To do this, let 


2= 29 t+62,;+ (49) 
Substituting this in equation (48), we find 
50 
= 63[ 23(1 -L + 
Equating coefficients of equal powers of 6, we have 
1 +3 (51) 
or 
V1+2x-1=0-1, (52) 
where 
w= (53) 
Proceeding in this manner and letting 
(54) 
we find 
where 
) 
w—1 fw—-1)\ 
2 ’ 
w 
> (56) 
w—1 25w°+ 39wt 30 
w 
(= 350+ 132w'+ 3310'+648w3+ 12810?+19080+1105 
Substituting for x and z in equation (46), we have 


We must now integrate this expression inward from the outer boundary. At the bound- 


ary 
b=1; x=0; 


Hence, 
__K ) 


(58) 


. 


| 
is | 
n | 
) 
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Or, if 
1 
then 
(61) 


To integrate the other side of equation (57), we must expand Z~* as a series in 6 and 
integrate term by term. We find that 


W (w) =Wo(w) 4 +48°We(w) +...., (62) 
where 


Wi(w) =Wo(w) +3 — (fe? + 2H +log, w) , (63) 


+ 30? +30 12 log. w 
w 3w 


Introducing the variables w and Z into equations (40), we have 


R 
and 
R 


The integration is started by computing both Z and W to the required accuracy as 
functions of w. This tabulation can be made once and for all. In starting any particular 
integration, y., Qo, and Wr are chosen, thus determining K. Then, using equation (61), 
we have the relation between the radial factor and the parameter w. The values of s 
and ¢ at the chosen values of « are then determined by equations (64) and (65). 

With wu as the variable representing the radial factor, the equations to be integrated 


become 


dg _ Svs ss 


du 8 du 

(66) 
dt s? 
duo 


Owing to the nature of the differential equations to be solved, it is found more con- 
venient to do the integration in terms of logarithmic variables. Using an asterisk (*) 
to denote the logarithm to the base 10, we have 


=log s; ¢* =log dé; *=logy; u*=logu; ge*=log¢g. (67) 

Then 
dg* 
du* 


dp 


(68) 


we 
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etc., so that the equations to be integrated become 


u 

dt* us? 10048 1 200] 
du* T T 
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(69) 


6. The mass-luminosity-radius and other relations.—Similar to the mass relation found 


in the earlier paper (I:39), we now obtain 


3/2 1/2 
(Ge) ay. 
With the mass measured in solar units we have 


wM 


The ratio of the central to the mean density is given by 


3/2 yi? 


’ 


where 


or, measuring the mass and the radius in solar units, 


los p.=log 08 +0. 149. 


To determine the central temperature 7. we have from equation (13) 


, 2 ag pH GM 


or, measuring the mass and the radius in solar units, we have 


log T. = 6.966 + log 7, tog 
We may obtain the alternative expression 


r= GH 15 k aye 
8xGa) HAH uR’ 


and, measuring the radius in solar units, 
log T, = 7.611 +log —log (uR) . 


(70) 


(71) 


(72) 


(73) 


(74) 


(75) 


(76) 


(77) 


(78) 


To obtain the mass-luminosity-radius relation we start from equation (21) and find 


160mac aT. 


3 ko 5 


L= 


(79) 


Using equations (23), (29), (16), and (77), this relation becomes, in terms of solar units, 


log = log C3 +log 2 Qz) ’ 


(80) 
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where 
5 \0.75 73\1-75 4 


(The luminosity and radius of the sun, Lg and Ro, are to be evaluated in c.g.s. units, or 
in the same units in which the physical constants are evaluated.) 

We obtain the more usual type of expression for Z by substituting for y, in terms of 
u?M and thus find that 


10- 44x ca a°Qo 5M 5-5 
or, in solar units, 
0.5 7.55.5 
log L = 28.742 +1og +-log ) (83) 
R 


7. Integration of the equations; application of results to determine hydrogen content; etc.— 
The envelope equations were integrated for values of y. = 0.01, 0.1, 0.25, and 0.5. In 


TABLE 1 | 
CONSTANTS OF THE CONFIGURATIONS 
Ne 
CONSTANTS 
0.01 0.1 0.25 0.5 
1.083 1.343 1.689 2.180 
6.121 0.132 0.119 0.050 
0.356 0.628 1.125 2.11 
0.104 0.158 0.228 0. 309 
1.51 5.54 10.9 21.3 
1.050 1.028 1.144 2.534 
/ R 5 Ve 
€ 25.461 25.283 | 24.979 24.603 
log (1, 28.742 + log vas 
log + (1 — — -1 
1.158 | 4.087 5.406 | 6.627 


t In solar units. { Not in solar units. 


making the fit, it was required that the fitted quantities should not differ by more than 
one unit in the third decimal place of the logarithims. The results of the integrations, 
together with the core functions, are given in Tables 3-6. Various constants of the con- 
figurations are given in Table 1. In this table g and » represent the fraction of the radius 
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and the fraction of the mass, respectively, contained in the core. The density distribu- 
tions for these models have been plotted in Figure 1. 

As was mentioned previously, the expression used for the guillotine factor has been 
tested for certain model stars in the following manner. With the value of u assumed 
equal to 1, a value of M is specified for each integration. Then for each of these values 
of M a mean value of R may be determined from a plot of the known values of M and 
R. This value of R determines the actual temperature and density distribution in the 
model which will determine the correct values of log (r/z). These values have been cal- 
culated for each model and are plotted in Figure 2, together with the assumed values 


= 
05 o7 os 10 


6/8, 


Fic. 1.—Density distribution in the point-source model. The curves /, 2, 3, and 4 are for the cases 
ye = 0.01, 0.1, 0.25, and 0.5, respectively. 


that were used in the integrations. It will be seen that the agreement with the assumed 
expression for the guillotine factor is fairly good for the cases y, = 0.01, 0.1, and 0.25. 
In the last case, y. = 0.25, the average error in log x is probably less than 0.08, so that 
this will represent the possible extent of the underestimate of the logarithm of the 
luminosity. If the case where y, = 0.5 the value of log (r/g) has probably been under- 
estimated by about 0.6 on the average. However, the main source of opacity in this 
case must be electron scattering, so that Kramers’ formula underestimates the opacity 
anyway. 

The luminosity formula, equation (80) or (83), involves the opacity x9. The evaluation 
of this quantity is rather complicated, for the absorption per gram of material depends 
not only on the mixture of heavy elements but also on the proportion of hydrogen to the 


6 See, e.g., ibid., p. 4. 
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heavy elements and to helium. Letting X represent the proportion of hydrogen by 
weight and Y the proportion of helium by weight, (1 — X — Y) will represent the rela- 
tive abundance of the heavier elements. Then xp will be given by 


ko (84) 


where the numerical constant has been evaluated by B. Strémgren’ and also by Morse8 
for a Russell mixture of heavy elements. If the other quantities in equation (80) are 
assumed, or known in terms of the hydrogen and helium content, we could consider equa- 
tion (80) as a means of determining the hydrogen content of a star, for various assumed 


Fic. 2.—The guillotine and Gaunt factors. The curves labeled J, /7, J/7, and /V indicate the assumed 
expression for log (7/g) for the cases y. = 0.01, 0.1, 0.25, and 0.5, respectively. The curves /, 2, 3, and 4 
show the actual variation of log (r/g) in the representative stars for the different values of yc. 


values of Y. Such calculations have been made before by both Eddington? and B. Strém- 
gren.!? 

In case the electron scattering becomes the primary source of opacity, Kramers’ law 
can no longer be used. This point will be considered later. 

Let us now introduce equation (84) into equation (80). We find 


log = 6.655 +log —log (1 +X) (1-X-—YV)]. (85) 


It is possible to choose mw as the parameter instead of Y. We may also assume as a first 
approximation" that 
2 


7Zs. f. Ap., 4, 118, 1932. 
8 Loc. cit. 10 Loc. cit.; ibid., 7, 222, 1933; Ap. J., 87, 520, 1938. 
9 M.N., 92, 364, 1932. 1 See Chandrasekhar, of. cit., p. 255. 
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Hence, 
log (LR°-*) = 7.007 +log 
—log [2u(1-$Y)-1]}. (87) 


Using this equation and also equation (72), it is possible to plot theoretical relations be- 
tween log (LR°*) and log M valid for the configurations being studied. For each value 


LOG L +05 LOG 


1 1 1 1 
10 12 14 16 18 20 ne 2.4 26 
LOG M 


Fic. 3.—The mass-luminosity-radius relation for 4 = 0.51, 0.55, 0.6, 0.8, 1.0, 1.2, 1.4, 1.6, 1.8, and 2.0 
with ¥ = 0. The value of uw for the various cases is indicated near the top of the curves. The curves of 
constant y, are also shown. The values of L, M, and R for the stars plotted are taken from Chandrasek- 
har, op. cit., pp. 489, 490. The open circles are the Trumpler stars. 


-02 


of Y and wa curve is obtained in the (LR°®, M) plane. For Y = Oand for various values 
of u between 2 and 0.51, such curves have been plotted in Figure 3. Then, taking the 
observed values of L, M, and R (in solar units) for various stars, we may represent these 
stars on the same diagram. 
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If it is assumed that Y = 0 for these stars and that they are built on this model, the 
value of » may be read directly from the graph for some of the stars. Then, the value of 
T. is directly determined by using equation (78) and interpolating between the solutions 
for the value of log (azy}/*). Similarly, p, is determined by using equation (74). 

It will be noticed that, as u approaches the limiting value (u = 0.50 for Y = 0), 
the curves for 4 = const begin to turn back. This is due primarily to the factor 
(1 — X — Y) in the expression for the opacity. When yp approaches 0.50, X approaches 
unity. Consequently, the opacity begins to decrease rapidly and the luminosity to in- 
crease. This turning-back of these curves may result in the two possible solutions for 
the hydrogen content that have been mentioned by Eddington and B. Strémgren. How- 
ever, it is readily seen that the opacity cannot decrease indefinitely in this manner. The 
electron scattering will provide a lower limit. Consequently, it is evident that two solu- 
tions for X are not possible for all stars. 

The ratio of the opacity represented by Kramers’ formula to the opacity due to elec- 


tron scattering is given by 


or 
6(1-¥— 
2.3K 10%(1—-—X (89) 


Using the value of 7. and p, as obtained above, we may solve for the ratio (ka/x,) at 
some mean value of 7, say T = 37,, to determine the relative importance of the two 
sources of opacity. If this ratio is less than about 2 for the larger value of XY obtained, 
it is probable that this second solution for X has no physical significance. Upon making 
a few calculations it appears that, if stars lie sufficiently close and to the left of the limit- 
ing curve, we may expect two possible solutions for X. 

The result of setting Y equal to 0.1, 0.2, or 0.4, etc., is to obtain other sets of curves 
similar to those in Figure 3. As Y takes larger values, the minimum value of u permis- 
sible will also increase. For a fixed value of Y we may again determine yu, X, 7., and p, 
for some of the stars. Results for a few stars are given in Table 2. Only the solution for 
the smaller value of X has been made. In general, the values of X thus determined for 
any star remain appreciably constant over quite a range in the value of Y. The central 
temperature also does not vary much, showing a slight decrease in general with increas- 
ing Y. 

It will be noticed that the massive stars, especially the Trumpler stars, lie to the 
right of the curves drawn in Figure 3. It is seen that no change in the value of Y' will so 
shift the curves as to include in the region covered by the curves those stars not included 
in this region for the case Y = 0. For, on setting Y equal to any value greater than zero, 
the limiting curve for small values of u is moved to the left in the figure. The most obvi- 
ous conclusion is either that the law of opacity used does not apply to these stars or that 
the stellar model chosen is not an appropriate one. 

As far as the law of opacity is concerned, to include these stars will require increasing 
the opacity in some manner. Upon investigating the approximate values of 7. and p, 
it appears that, if electron scattering is taken into account for the stars lying just to the 
right of the limiting curves, the opacity is generally sufficiently increased to permit a 
solution with » somewhere between 0.50 and 0.60. The Trumpler stars, however, lie so 
far from the permissible regions that it is rather difficult to estimate whether taking into 
account only the effect of electron scattering will increase the opacity sufficiently to per- 
mit considering that they are built on the model considered here. Integration of the en- 
velope equations assuming opacity due only to electron scattering would probably throw 
some light on the question, as is indicated by Keenan’s integrations." 


2 4p. J., 89, 499, 1939. 
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8. Conclusions.—The integration of the envelope equations has resulted in obtaining 
the desired theoretical relation between the mass, luminosity, radius, etc. The manner in 
which the relation changes with y. is indicated in Table 1. For stars of less than ten times 
the solar mass the set of models appears satisfactory, in so far as the theoretical mass- 


TABLE 2 


SOLUTIONS FOR HYDROGEN CONTENT, CENTRAL 
TEMPERATURE, AND DENSITY 


Y 
STAR 
0 0.1 0.2 0.4 
Sun 1.03 1.00 0.96 0.88 
0.31 0.32 0.33 0.36 
7.40 7.38 7.26 7.21 
2.00 1.99 1.99 1.99 
Sirius 0.94 0.93 0.89 0.78 
0.37 0.37 0.38 0.45 
7.47 7.46 7.44 7.39 
1.63 1.62 1.62 1.61 
¢ Her A 1.36 1.34 1.24 
0.16 0.15 0.14 0.14 
B Aur A 1.06 1.04 0.98 0.91 
0.30 0.29 0.31 0.33 
1.10 1.10 1.10 1.10 


luminosity-radius relation can be satisfied for certain values of the hydrogen and helium 
content. For some of the more massive stars these models are possibly applicable. These 
would be the supergiant stars that are quite centrally condensed. The Trumpler stars 
appear to be outside the range covered by these models. 


I wish to thank Dr. S. Chandrasekhar for many valuable discussions. 
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TABLE 3 
ye=0.01 
7508........ 06 4.6764 1.4880 | + .5330 | —1.5393 7.791 | 8.273 
....:: 08 4.2345 1.3521 + 1.3950 5.973 | 6.342 
2 ao 10 3.8842 1.2443 | + .5327 1.2806 4.883 | 5.184 
6:76........ cy 3.5919 1.1544 | + .5323 1.1851 4.156 | 4.412 
oams.....:.. 14 3.3396 1.0767 | + .5317 1.1027 3.637 | 3.860 
cms... |... 16 3.1166 1.0080 | + .5308 1.0298 3.249 | 3.445 
ae | .18 2.9161 0.9462 | + .5295 0.9643 2.945 | 3.121 
2.7334 0.8898 | + .5278 0.9046 2.701 2.860 
[e........ ee 2.5653 0.8378 | + .5255 0.8496 2.500 | 2.644 
| 2.4093 0.7897 | + .5227 0.7986 2.274 | 2.463 
om........ _ 2.1192 0.7080 | + .5147 0.7057 1.917 | 2.199 
ee | 32 1.8564 0.6358 | + .5031 0.6221 1.716 | 1.990 
36 1.6180 0.5703 | + .4869 0.5462 1.566 | 1.809 
ene | 40 1.4015 0.5103 | + .4653 0.4772 1.438 | 1.645 
3.352........| 4 1.2057 0.4552 | + .4374 0.4145 1.320 | 1.491 
aie: | 48 1.0295 0.4046 | + .4025 0.3578 1.210 | 1.343 
a | 52 0.8723 0.3583 | + .3600 0.3070 1.106 | 1.201 
0.7334 0.3161 + 0.2617 1.006 | 1.064 
“eee 60 0.6120 0.2778 | + .2513 0.2218 0.911 | 0.934 
| 0.5071 0.2431 + .1850 0. 1869 0.822 | 0.811 
<r 68 0.4177 0.2119 | + .1110 0.1568 0.739 | 0.698 
| “aay 0.3424 0.1839 | + .0300 0.1309 0.663 | 0.596 
i | 0.2797 0.1588 — .0574 0.1089 0.593 | 0.504 
.80 0 2282 0.1364 | — .1505 0.09004 | 0.531 | 0.424 
| 84 0.1864 0.1162 — .2484 0.0749 | 0.476 | 0.354 
2 eee | .88 0.1530 0.0982 — .3504 | —0.0620 | 0.428 | 0.294 
eee | 0.9175 | —0.1280 | —0.0829 —(). 4488 | 
d0 | dg* 
g o*(£) e*(&) dt 
0.667........ 1.4 0485 0312 | 201 | 
O:477........ 1.0 0247 0159 148 | 
0.4 0025 9.6386 |...........| 061 
0.2 — .0010 | — .0006 
0.000........ 0.0 0.0000 0.0000 | | i... 


| 
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TABLE 4 
ye=0.1 
t= * * * 
t o*(£) o*(£) v*(é) 
ear 06 5.0410 1.5760 + .5980 | —1.6339 8.258 8.724 
08 4.5709 1.4323 + .5979 1.4821 6.301 6.659 
ae 10 4.1999 1.3188 + .5978 1.3621 5.133 5.426 
saree By 3.8912 1.2243 + .5976 1.2623 4.358 4.608 
vines, | 14 3.6255 1.1430 + .9972 1.1763 3.807 4 025 
16 3.3910 1.0711 + .5966 1.1003 3.395 3.588 
18 3.1805 1.0066 + 1.0321 3.074 3.248 
ae 20 2.9889 0.9478 + .5945 0.9700 2.817 2.975 
22 2.8126 0.8936 + 5930 0.9128 2.606 2.750 
5.860..... 24 2.6492 0.8433 + .5909 0.8597 2.430 2.562 
28 2.3503 0.7538 + .5851 0.7635 2.021 2.274 
32 2.0734 (0). 6782 + .5764 0.6766 1.804 2.078 
| 36 1.8193 0.6093 + 5641 0.5970 1.653 1.909 
SS | 40 1.5865 0.5457 + .5471 0.5238 1.528 1.753 
Ra | 44 1.3738 0.4870 + .5246 0.4567 1.412 1.605 
| 48 1.1807 0.4327 + 4957 0.3954 1.302 1.460 
ee | 52 1.0067 0.3827 + 4598 0.3398 1.197 1.319 
56 0.8514 0.3369 + 0.2898 1.094 1.180 
See | 60 0.7145 0.2951 + .3644 0.2453 0.995 1.045 
| 64 0.5953 0.2572 + 3045 0.2061 0.900 0.916 
ae 68 0.4929 0.2231 + 2365 0.1720 0.810 0.794 
72 0.4061 0.1923 + .1610 0.1425 0.726 0.681 
Sess 76 0.3336 0.1649 + .0784 0.1174 0.649 0.579 
a? | 80 0.2740 0.1403 — .0104 0.0961 0.580 0.488 
wee | 84 0.2256 0.1184 — .1046 | —0.0782 0.517 0.408 
es | 0.8797 | —0.1871 | —0.0990 —0.2023 
| 
| | o*(£) | *(£) *(£) 
| an | | dé du* 
| 44 0999 0523 
0.6 0298 0155 
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TABLE 5 
y-=0.25 
* 

08 5.6758 1.7219 6940 | —1.7851 7.330 | 7.654 
10 5.2403 1.5907 6940 1.6479 5.908 | 6.176 
“oe 12 4.8818 1.4824 6939 1.5347 4.975 | 5.205 
14 4.5754 1.3898 1.4378 4.318 | 4.520 
ae 16 4.3069 1.3086 6937 1.3528 3.829 | 4.011 
See 18 4.0668 1.2359 6934 1.2766 3.453 | 3.618 
wae... ..... 3.8492 1.1700 6931 1.2075 3.154 | 3.306 
ee 22 3.6495 1.1094 6926 1.1440 2.911 | 3.052 
“eee 24 3.4646 1.0533 6920 1.0851 2.709 | 2.840 
3, aS 26 3.2921 1.0009 6911 1.0302 2.539 | 2.661 
28 3.1302 0.9516 0.9785 2.303 | 2.508 
30 2.9774 0.9051 6886 0.9297 2.266 | 2.374 
ee 31 2.9037 0.8828 6878 0.9063 2.162 | 2.316 
eS 35 2.6100 0.8033 6836 0.8171 1.936 | 2.175 
ee 39 2.3310 0.7293 6774 0.7327 1.800 | 2.053 
es 43 2.0684 0.6596 6684 0.6529 1.692 | 1.937 
47 1.8226 0.5940 6558 0.5778 1.592 | 1.819 
51 1.5939 0.5322 6388 0.5074 1.495 | 1.699 
55 1.3826 0.4744 6164 0.4420 1.398 | 1.574 
59 1.1892 0.4204 0.3816 1.299 | 1.446 
eae 63 1.0140 0.3704 5520 0.3263 1.200 | 1.314 
67 0.8574 0.3244 5084 0.2764 1.100 | 1.181 
ee 71 0.7193 0.2824 4566 0.2319 1.001 | 1.048 
75 0.5993 0.2443 3965 0. 1926 0.905 | 0.918 
79 0.4967 0.2100 3283 0.1583 0.813 | 0.795 
ae 83 0.4105 0.1792 2523 0.1289 0.726 | 0.680 
87 0.3393 0.1518 1694 0.1038 0.646 | 0.576 
ie O1 0.2815 0.1275 0806 | —0.0826 0.574 | 0.484 

t do | dg* 

1.0 —0.2236 | —0.1009 | —0.0406 |...........| —0.237 |......... 
0.7 1108 0496 0.4400 |........... 
0.6 0817 0365 | 166 |. 
0.309........ 0.2 0092 0041 
0.1 — 0023 | — .0010 | — .030 |. 
0.0 0.0000 0.0000 | | 0.000 |......... 


| 
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TABLE 6 
ye =0.5 
— 
wa * * * * 
-e.:...... | 0.20 7.2564 2.1305 .8340 | —2.1779 4.363 | 4.458 
re | 0.24 6.7102 1.9680 8340 2.0137 3.703 | 3.791 
22.69........ | 0.28 6.2404 1.8296 8340 1.8720 3.239 | 3.322 
20.69........ 0.32 5.8257 1.7072 8339 1.7463 2.897 | 2.976 
a’ 0.36 5.4524 1.5969 8338 1.6328 2.634 | 2.710 
eee 0.40 5.1114 1.4958 8336 1.5288 2.426 | 2.499 
RS 0.44 4.7962 1.4023 8333 1.4324 2.258 | 2.328 
> 0.48 4.5021 1.3148 8329 1.3422 2.119 | 2.187 
0.52 4.2256 1.2325 1.2572 2.002 | 2.068 
0.56 3.9641 1.1545 1.1766 1.902 | 1.966 
0.60 3.7157 1.0802 1.0998 1.815 | 1.877 
oou....... 0.64 3.4786 1.0091 8283 1.0263 1.739 | 1.799 
9.032....... 0.68 3.2373 0.9424 8261 0.9552 1.620 | 1.776 
0.72 2.9830 0.8777 0.8836 1.617 | 1.798 
i = 0.76 2.7279 0.8130 8190 0.8115 1.617 | 1.808 
oe 0.80 2.4755 0.7485 8134 0.7393 1.605 | 1.799 
0.84 2.2285 0. 6848 8056 0.6678 1.578 | 1.772 
te 0.88 1.9892 0.6225 7951 0.5978 1.537 | 1.726 
0.92 1.7598 0.5620 .7810 0.5299 1.484 | 1.663 
4.740.......| 0.96 1.5424 0.5039 7624 0.4649 1.420 | 1.584 
1.00 1.3389 0.4485 .7384 0.4034 1.346 | 1.490 
1.04 1.1510 0.3964 0.3459 1.262 | 1.383 
3.596....... 0.9802 0.3477 0.2929 1.172 | 1.265 
0.8275 0.3027 6247 0.2448 1.076 | 1.139 
1.16 0.6934 0.2616 0.2018 0.979 | 1.011 
1.20 0.5781 0.2244 5082 0.1640 0.881 | 0.883 
1.24 0.4808 0.1910 4377 0.1311 0.787 | 0.761 
| 0.4005 0.1613 3600 0. 1030 0.699 | 0.648 
.m....... | 1.2974 | — 0.3705 | —0.1495 | +0.3241 | —0.0921 0.662 | 0.600 
* * * * 2 

0.60 | — 0.3225 | —0.1304 | +0.2563 |........... 
55 .2728 1008. | |........... 
50 0914 | +0.0731 |........... 
45 1849 0744 | —0.0399 |........... 
35 1131 0454 | —0.3254 |........... 
30 0834 0335 | —0.5088 |........... 
0.845....... 25 0582 0233 | —0.7314 |........... 
0.676....... 20 0374 0150 | —1.0097 |........... 
10 0038 | —1.8961 |........... 
0.169....... | 05 | — .0023 | — .0009 | —2.7950 |........... — .026 |......... 
0.000....... 0.00 0.0000 0.0000 | 
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THE EQUILIBRIUM OF A PERFECT COMPRESSIBLE 
FLUID CONFIGURATION 


WASLEY KROGDAHL 


ABSTRACT 


The equilibrium of a perfect compressible fluid configuration is considered, and the equations for the 
perturbations induced by rotational and/or tidal forces are derived. The results are obtained in a 
sufficiently general form to be applicable to any model and are seen to be simple generalizations of what 
is already known for polytropes. Numerical application is made to three nonpolytropic models. 


It is proposed to consider the problem of determining the distortion of a perfect com- 
pressible fluid configuration which is subject to the perturbing effort of a slow rotation, 
or a weak tidal field, separately or jointly. The distortions obviously must be functions 
of the pressure and density distributions which would describe the configuration in 
gravitational equilibrium in the absence of the perturbing forces. A determination of 
the specific functional dependence of the distortions on the structure of the associated 
unperturbed configuration is the problem set forth for solution. 

The problem has been solved in detail’ for the case in which the unperturbed con- 
figuration is a polytrope. In particular, it has been shown that the ellipticity of a con- 
figuration of given mass and mean density rotating with constant angular velocity de- 
pends only on the polytropic index n. Conversely, from an observed ellipticity one can 
always infer an “effective polytropic index.”’ It is this circumstance which underlies the 
conclusions that have been drawn? recently concerning the internal distribution of 
matter in stars whose rotation of the line of apsides can be observed. While the deter- 
mination of such effective polytropic indices is of value in giving a general insight into 
the problem, it is clear that one is here dealing with a dependence (of ellipticity) on the 
total structure of a configuration; this is equivalent to a dependence on a single param- 
eter only in the very idealized case in which the configuration is a polytrope. There- 
fore, if one were to have reliable knowledge concerning the density and pressure distribu- 
tions in normal static nonpolytropic stars, it would be desirable to know how such a 
configuration would be distorted. This is the problem whose solution is to be attempted. 
The general method follows closely those developed by Milne, von Zeipel, and Chandra- 
sekhar in their investigations on the distortion of polytropic distributions. 

Consider a nonviscous compressible fluid mass at rest in an otherwise empty space. 
In gravitational equilibrium the mass will assume a spherical form, and its structure can 
be specified by a statement of its density distribution function p = p(r) (where r is 
the radial distance from the center of the sphere). In addition, since the fluid is com- 
pressible, there must exist, by definition, a pressure-density relation, 


P=P(p), (1) 


by which the pressure P at any point is related to the density p at that point. Further, 
the pressure and density must satisfy the hydrodynamical equations 


1 oP (2) 


1§. Chandrasekhar, M.N., 93, 1933: “The Equilibrium of Distorted Polytropes: I, The Rotational 
Problem,” p. 390; “II, The Tidal Problem,” p. 449; “III, The Double Star Problem,” p. 462; “IV, The 
Rotational and Tidal Distortions as Functions of the Density Distribution,” p. 539. 


2 T. G. Cowling, M.N., 98, 734, 1938; T. EF. Sterne, M.N., 99, 451, 1939. 
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where the «*’s are the co-ordinates in the space and F, the (covariant) acceleration 
vector-field throughout the space, and where B = W(r), the gravitational potential func- 
tion, is a solution of Poisson’s equation 


g'* being the fundamental metric tensor, g the value of the determinant |g**|, and G the 
gravitational constant. The pressure P must then satisfy a second-order ordinary dif- 
ferential equation in r whose solution, subject to (1), can in principle always be found. 
Now let it be assumed that upon the static gravitational acceleration-field there is 
superposed an arbitrary additive acceleration-field F;’. The functions p and & will, in 
general, no longer be spherically symmetrical. Letting the new (altered) gravitational 
acceleration-field be 
(4) 


the hydrodynamical equations may now be written 


Ox? ’ (5) 
which, if /;’ is derivable from a potential function B”’, can be written 
1 oP 
ax 


Equations (1), (2), and (3) are the fundamental equations of the problem. 

The difficulties which beset the problem of finding a general and exact solution of 
the set of the fundamental equations are twofold. The first is that of expressing the 
functions F;’ in terms of the variables x* and appropriate parameters; it gives rise to 
no difficulty of principle, however. The second difficulty is the more fundamental one 
of obtaining explicit solutions of equations (5) in terms of the variables and any neces- 
sary parameters which may enter. This problem is to be considered in some detail. 


I. A SLOWLY ROTATING CONFIGURATION WITH CONSTANT ANGULAR VELOCITY 


Consider a fluid mass rotating slowly about some fixed axis, which for convenience 
may be taken to be the z-axis of a Cartesian co-ordinate system. The dynamical equa- 
tions (6) for the rotating star are, in polar co-ordinates (x! = r, x? = uw = cos ¢, x* = 8, 
— 14), 


10P_ dav’ 

and 

10P_ 0d’ 


* There is no difficulty in this respect for acceleration-fields due to the mass’s rotation about a fixed 
axis, but the complete tidal acceleration-field induced by other bodies is a striking example of a field whose 
mathematical expression is not simple. 
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where w is the (constant)* angular velocity of rotation. Similarly, in polar co-ordinates 
Poisson’s equation (eq. [3]) becomes 


The first step in solving the problem is to transform the partial differential equations, 
by separation, to a set of equivalent ordinary differential equations. This process may 
be effected more conveniently, however, by first interposing an auxiliary step. It is to 
be noted that one seeks solutions of the form p = p(r,u; w), P = P(r, uw; w), and B’ = 
B’(r, wu; w). Now, equations (7), (8), and (9) contain only functions analytic in w, and 
it is therefore possible to express the desired solutions in the form of power series in w, 
convergent in some nonzero interval of w. By this means, w can be eliminated from 
further consideration and the problem thereby simplified. 

For general purposes it will be well to have all the necessary equations expressed in 
me of dimensionless variables. Therefore, let a new set of variables be defined by the 
relations 


) }= -4xGe. (9) 


r=aé, p=p.¢, 
P=P.y = > (10) 
YB’ = x’. 


Equations (1) and (9) then become 


n=n(¢) (11) 
and 
and, letting 
(13) 
4nG p,.’ 
equations (7) and (8) become 
(14) 
and 
tou on (43) 
respectively. 
Now assume that ¢, 7, and x’ can be represented by the power series 
£(E, use) = é, +...., (16) 
an 


‘It should be noted that, by the converse of a theorem due to Poincaré (Lecons sur les hypothéses 
cosmogoniques, p. 32, 2d ed., Paris, 1913), the constancy of the angular momentum guarantees the exist- 
ence of some pressure-density relation such as (1). In other words, in the (P, p)-plane, the value of the 
increment dp associated to an increment dP is not a function of the direction of the generating spatial 
displacement in the star. A like statement cannot be made for a general variable angular velocity. 


| 

| 


— 
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Inserting these expressions into equations (12), (14), and (15) and equating the co- 
efficients of like i of e, one finds that, to the second order in e, 


= — bo, (19) 
A dno _ dxo 
fo dé’ (22) 
One an dno Sa 2 _ 
1 (On. £1 Om Ox: 
te te (26) 


In addition, the relation implied by (11) must impose necessary restrictions on 7» and 
¢. For the function »(¢) must be such that 


n(fo) = (27) 
and 
(28) 
=n(fo) +e +..... 
However, 
dn dn dg dno 
¢ dt de e=0 = (29) 
and 
& n dn a4 _ #0 dno 
€)) = note | +5 [ t | + (31) 
Comparing this series for n with equation (17), one finds 
_ 
m= (32) 
d 
($1)? dee (33) 


| 

| 

| 
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Expressing no = no(&) and ¢o = fo(&) in terms of the parameter £, equations (32) and 
(33) may be re-written as 


dno 
(34) 
and 
2 2 
2n2 = + + (£1)? (35) 
a 
respectively. 


A point has now been reached at which a separation of variables may be performed. 
Any set of complete, orthogonal functions (of u and/ or £) would suffice as a set of func- 
tions in which to expand the series for x1, ¢1, m, X25 $2, and m2. However, for this problem 
the condition that x; and x3 satisfy Poisson’s equation (eqs. [20] and (21}) ) makes it most 
convenient to choose, as the particular set of functions to use, the set |P;(u)] of Legendre 
polynomials. The Legendre polynomial P;() of index 7 is a solution of the differential 
equation 


d 


(where by definition Py = 1). Let it be assumed, then, that x1, ¢1, m, x2, 2, and m 
can be represented by the respective series 


j=1 

=o, + Dg, (EPH), (R=1, 2). (38) 

=m, + Dom (39) 
j=1 


Introducing the series (37), (38), and (39) into equations (20), (23), and (25) and mak- 
ing use of (36) and the fact that 
dP, 


(1—yp?) (40) 


one finds by comparing the coefficients of like P;’s that, to the first order in e, 


1 S10 _ 2 
(j 0,2), (43) 
ge (44) 


(RS 


EQUILIBRIUM OF FLUID CONFIGURATION 129 


One should recall now that the x;,;’s are subject to certain boundary conditons, 
namely, that the gravitational potential functions ¥’ for regions inside the star (where 
p > 0) shall join smoothly the potential function UW’ for regions outside the star (where 
p = 0), ie., that the functions ¥’ and UW’ and their first derivatives shall be equal at the 
boundary = & of the rotating star. Now, it can be shown that Ul’ is expressible in 
the form 


+e 


i= 


It can also be shown that the necessary and sufficient conditions that U’ and ¥’ and 
their first derivatives be equal are (to the first order in e) that the equations 


Bi(Rs) =Us(Ro), (Se) (46) 
dr Ro dr Ro 
and 
(Ro) = 11, (Ro) ’ dr “dr (47) 
be satisfied, where the boundary radius r = R is given by 
R=Ry)+eRi(r, w) +..... (48) 
In the dimensionless variables these conditions imply that 
Xo ( dé (49) 


where £ = & is the boundary which the star would have if it were not rotating. Com- 
bining equations (43) and (44) with (37) and using (50) gives the relations 


(452), 


(2:4) (24) (f= 


5 This transformation is justified by the fact that the differential equation for m,, is homogeneous 
(see eqs. [63]). 


(52) 


By putting® 


} 
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and solving the system of equations (51) for aj, ; one finds, since the determinant of co- 
efficients does not in general vanish, that 


@,,;=0 (7 #0, 2), (54) 


whence by (53) it follows that 
mj; =0 (7 40,2). (55) 


For 7 = 2, however, (52) gives 


“ll 3 2 il (56) 


Strictly, since {) 0 as this should be written 


a (57) 
else the expression would contain an indeterminate fraction. 
From equation (55) it is evident that 
(58) 
and hence by (34) it must be true that 
61,0= 1,0 dno 1,2 dno (59) 
dé dé 
or 
61 = 61, (60) 
By means of (59) equation (42) can be simplified, since 
dno 
Making this substitution, 
dé dé dé dé 
(61) 
= 
Using this and (44) to eliminate the x;, ;’s from (41), it is a that 
dé 
2 E 0 


and 
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Now, equations (62) and (63) are second-order ordinary differential equations, and 
therefore their general solutions contain two constants which are to be fixed by requiring 
the solutions to satisfy appropriate initial conditions. If, instead of comparing rotating 
and nonrotating configurations of the same total mass, as originally proposed, one 
chooses to compare configurations of equal central density® (and pressure), one then has 
the initial conditions dn 


n(&=0) =m(&=0) =1, (64) 
whence it follows that 
1,0 
mo(£=0)=0, (ee ) (65) 
= dni. 
ma(E=0)=0, (66) 


By the conditions (65) the function 1,9 is uniquely determined. On the other hand, 
m,2 is still indeterminate to the extent, of an arbitrary constant factor, since (63) is 
linear and homogeneous i in m,2; and, if nf, is a solution of (63), so also is a,2n}, >. Hence, 
for convenience, one can choose 7},2 to be approximately proportional to & near § = 0. 
Then, requiring m,2 to satisfy the outer boundary conditions for the star, the constant 
factor, @,2, will be fixed by (57), and the solution becomes completely determinate. 

Having formally completed the treatment to the first order in e, it will be much 
easier now to continue the treatment of the second-order theory. By introducing into 
equations (21), (24), and (26) the series (37), (38), and (39), one can again perform a 
separation of variables and this time obtain equations for the second-order radial func- 
tions. From (21) it follows directly that 


From equations (24) and (26) one finds that 


fol dé "5 dé 
68) 
d& So dé ' 
(7 #0, 2,4), (69) 
No.2 mie , 
Cz Fo 7 £0 £0 79) 
N24 9 mi.2 , 
1 
: Equation (68) can be simplified by making use of (33). Expanding the coefficient 


ly 


2 
[ (1.0)? +4 (£1, 2)?7) dt 


6 Comparison of rotating and nonrotating configurations having the same central density is much 
simpler than comparison of configurations of equal total mass. Obviously, however, given a solution of 
either problem, a solution of the other can be obtained from it. 
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or 
dno _ dfo 1 df1,0 
1 
Using this and (59) in (68) gives 
fo 2 fo 10 fo = 0) 


Let it be recalled, once again, that x’ must satisfy certain boundary conditions which, 


to the second order in e, require that 


dB, dll; 
Bi(R) (F*) =(F) (74) 


where, as before, Ry is the boundary of the corresponding stationary configuration, 


Since, by equation (45), Ul, has the form 


Us = (4xGp.a 


7=0 


one has from equations (69), (70), (71), and (73) and the conditions (74), 


0 


(j#0,2,4), (78) 
(4) ] +Cr, = 


fo 2 fo fo T2,0( &o) , 
. d 3 ar (77) 
N22 _ (G22 
“ise fo dé ). 
4 $1.2 1.2 
— C2, = 35 (& = , 
d (124 (dT 24 
Lae 
Setting 
Me» j= G2, (79) 


and solving (75) for de, ; gives 
a2, ;=0 (j7#0,2,4), (80) 
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whence it follows that 


na (7 £0, 2, 4). 
This, with (35), shows that 
(7 ¥0, 2,4). 
Further, by solving (76), (77), and (78) one finds that 
dT, 
0+ 
dé 
0 n2 0 
dé 
fae 
So dE\ So / Je, 
dé 
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(81) 


(82) 


(83) 


(84) 


(85) 


Now, by means of (70), (71), and (73) one can eliminate the y’2,;’s from (67); and, 
simultaneously eliminating fe, ;(j7 = 0, 2, 4) by means of (35), one has the final equations 


dio 
d d d 
dé 
(86) 
do ) 
dé 
> (87) 
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ale 20 | 


do 
1 dni, 2 df, 2 
= ano (33 dt $1,2— dt (88) 


dé dé 
As in the case of the first-order theory, the solutions for m2,; must satisfy certain initial 


conditions, namely, 2 


Besides these, the boundary conditions (83), (84), and (85) must be fulfilled. 
The boundary of the configuration will be defined by the condition 


P(R) =P.n(Z) =0 (89) 


or 
no(=) telm.o+m, ete m2. Pal ot....290 


But, since o(£) = 0, 


a 
Similarly, 
5(Z) = 91. (be) + — be) ( (j =0, 2) 
dé fo 
and 
no, = ne, 5 ( £0) =0, 2,4). 


Therefore, to the second order in ¢ (since [Z —&] = €), 


But, to the first order in « (i.e., taking only terms to the first power in ¢ or [= — £0), 
it is evident that 


[ m1. otm, Po] (90) 


Therefore, setting ) 


| 
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one has, to the second order in e, 


dE 


+e +e[m.o+ m1. 2Po] 


+é[n2.0+ 72, ne, wile t....=0 


or 
== kote’ teiot...., 
where 
dé 
) 
dé Je. (92) 
1 d& (/dnio, 
2 dno dé + dé Ps) [m1.0+1. 2P2) 
dé dé ) 


The mass of a star whose density distribution is p = p(r, «) will be given by the 
integral 


R 1 
Since 


the mass of a rotating star will (to the second order in e) be 


M = f J 
= 4ra'p,. o) te tao) ede}. 


Letting 


de); 


dfo 


dE): — 


fo = fo) + — 


and similarly for 1,9 and {2,o, one has (to the second order in e) simply 


136 WASLEY KROGDAHL 


since the only part of the second term not higher than the second order in € vanishes, 
Now, introducing into (93) the expressions for {1,9 and {2,9 found from equations (62), 
(67), and (73), and that for {> found from (19) and (22), one has for the mass 


(94) 
d [neo 1f1,0m.0 1 
or, in terms of the mass M» of the static configuration, 
d [1.0 ) 
d 1¢ 
The total volume of the configuration will be 
R 1 = 
rf Jr rai f 
or 
V = te +....], (96) 
where 
, 
= 9 
dé /¢, 
1 0 1 dé dni.0 
dé), dé dé 
In terms of the volume Vo of the unperturbed configuration this is 
The mean density will be 
M M 
p= (100) 
M, V M, V VifM, V 


M,= —4ratp. 
d 1 £1.01.0 (102) 


— 
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Consider two stars (on the same model) having the same total mass M. Let one be 
rotating with angular velocity w and let the other be stationary. Then 


M’ =M =M" 
or 


(24 [ 22: 1 Siem, ‘l)] 
dil fo 2 10 fo 
where p, is the central density of the nonrotating configuration and p,’ the central density 
of the rotating configuration. The relation between them can be more conveniently 


written as 


1 f1.0 M10 


a§ (103) 
1 ¢ 


Since dyo/dé and d/dé[m,0/fo] are both negative at & = &, it is clear that the central 
density of the nonrotating configuration must be the greater (at least for small angular 


velocities). 


Il. A(;CONFIGURATION SUBJECT TO THE TIDAL ACTION 
OF AN INVERSE-SQUARE FIELD 


Let a configuration be placed in the inverse-square force-field of a point-mass which 
is at a distance R from the center of mass of the configuration. The effect of the super- 
posed force-field will be twofold. First, the configuration as a whole will be accelerated 
to move approximately as a particle of the same mass situated at the configuration’s cen- 
ter of mass. Second, because of the configuration’s extension, the differential effects 
caused by the nonuniformity of the field will result in tidal effects in the configuration. 
It is these latter effects which are of especial interest. 

The general equations of the problem are the same as before, where now 


(104) 


and %”’ is the tidal potential function. Evidently one must find the explicit expression 
for the tidal potential function 8”. Now the general potential function for the inverse- 
square field of a particle of mass M ” which is at a distance R in the direction correspond- 
ing to u = 1 is, taking the origin of co-ordinates at the center of mass of the configura- 


or, expanding the right member in Legendre polynomials P;, 


ge (1+ (2) Paw}. (106) 


138 WASLEY KROGDAHL 


As is well known, the problem can be reduced to one in statics by introducing ‘‘inertial” 
accelerations equal and opposite to the ‘‘field’”’ accelerations; this corresponds to the 


addition of a potential 
GM" 
R 


— (107) 


to the potential B*”’. The result is the tidal potential 


This is the tidal potential of a point-mass. Of more interest is the tidal potential of a 
second star. This, inclusive of only first-order effects,’ is given by 


Let 
Th = x", R=ar. (109) 
en 
” 4. 
where M” 
Xo" 4x 


Now the potential 8*”’ must satisfy Poisson’s equation (eq. [3]). The function B*” 
given in (106) satisfies this equation identically ; so also does B’’, given in (108). 

Equations (1), (3), (6), and (110) are all the necessary equations for this problem. In 
dimensionless variables they become 


n=n(f); (112) 


If xo’ is small enough (i.e., if M” is small enough or if r is large enough, or both), then 
one can expand ¢, 7, and x! in a power series in xo’. Then we can write 


7See Chandrasekhar, M.N., 93, 450, 1933. 


al’’ 
the 


7) 
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n= no(&) + (xo) + (x0 (118) 


x’ =x0(E) + (x0) x1 + (119) 


Introducing (117)—(119) into (113)—(116) and retaining only terms of the first order 
in xo , one obtains 


(122) 


Separating the variables, as before, by taking 


7=0 7=0 


one obtains from (121), (123), and (124) the results 


1 fdm.o _ 
(j =1,5,6,....), (128) 
Tete yi, (j 2, (129) 


Now the existence of a pressure-density relation such as (112) is known (from [34]) to 
imply the existence of a relation 
d fo d 
dé = ¢1, j dé 
Substituting this in (127) gives 


A 400) _ 1 m-odto_ d (m.o\_ 
fo dé dé = (x10) - (131) 


(7 =0, 1, 2,...). (130) 
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Now the external potential function 


7=0 


and its first derivative must equal, respectively, the internal potential and its first deriva- 
tive at the boundary & = & of the distorted configuration. Combining equation (125) 
with (128) and (129), these conditions imply the relations 


xo( fo) xs) 
UG 
i. -2 408 


(132) 


Mj 


j B,, ; 
(j=0, 1, 5,6,....). (138) 
Setting® 


* 


and solving (133) and (134) for ay, ;, one finds 


or, more exactly, 


a1. (j =2, 3,4) (135) 
d 


Let A; be defined by | 


lim fo 
Aj= (j =2, 3,4). (137) 


(ni 


8 The validity of the relations (134) for 7 = 0 follows haa eq. (131) and the convention that the 
potential shall vanish at infinity. 


® As in the rotational problem, this transformation is ‘asa by the fact that the differential equa- 
tions for 7, ; are linear and homogeneous in m,, ; (see eq. [140]). 


le 
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Then, according to equation (135), 


Rie j 
a1. os. (138) 
h F 
where v is 
y= (139) 


Finally, eliminating Xt, ; by combining (126) and (129) and using (136), one has as the 
equations to be solved in the tidal problem the set 


dfo 
dé 
The boundary = & of the configuration is defined by the condition 
or 


Expanding each of the radial functions about the boundary * = & of the corresponding 
unperturbed configuration, one has 


which, since no(&) = O gives for (= — £) the expression 


Xo 
dé 
to the first order in x,’. 
The mass of the star will be 


4 Paleo (143) 


(144) 
cedtdut 
Letting 
in the second term of the right member, the mass, to the first order in xq’, is 
(145) 
0 
But by (120) and (122) ed 
= to dé (146) 


Va- 
25) 
2) 
3) 
| 
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so that 


ed 
M = x (147) 


Using equation (147), we can write the expansion for 7 in an alternative form, By 
assumption, 


but, by taking 


one has 


dno| (M" 
Similarly, the expression for the outer boundary is 


z= >» 


fo 


Let 
(151) 
Then from (150) 
o(-—-1)= — + Ay*) (154) 


The quantities o(+1) and o(—1) are the respective fractional elongations in the 
directions toward and away from the pole of the tidal force. The quantity o(() is the 
fractional contraction in the plane normal to the pole of the tidal force.'° 


III. A CONFIGURATION SUBJECT TO SIMULTANEOUS TIDAL 
AND ROTATIONAL ACCELERATIONS 


Consider a perfect compressible fluid mass subjected to the tidal accelerations and at 
the same time rotating about some fixed, arbitrary axis. In an equilibrium state the 
disposition of matter within the configuration is determined, as before, by the funda- 
mental equations (1), (2), and (3), with 


B= (155) 


10 For analysis indicating “furrow” see Chandrasekhar, M.N., 93, 457, 1933. The results are identical. 


M" 


7) 


0) 


1) 


the 
the 
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where ¥’ is the gravitational potential function of the distorted fluid mass, B” the tidal 
tential of the secondary, and ¥’”’ the rotational potential function. Now the tidal 
effects of the secondary star can be derived from the potential function 


4 7 
(14 (156) 


assuming that the direction ¢ = 0 (u = 1) is along the line of centers, the positive sense 
being taken to be in the direction toward the primary. To be able to calculate the rota- 


Fic. 1 


tional potential, let the axis of rotation be taken to be the generator @ = 0 of the cone 
¢ = , and let the angular velocity about the axis DB be w(=constant). Then the 
potential function B’”’ will be 


= oy? [ 1— cos? 6— (1— 4") cos’ 6 sin? & 


\ (157) 
—2uV1—2 cos @sin® cos €] , 


for 
=1y2(r’)? sinr?a. 


But by the cosine law of spherical trigonometry 
cos =p cos@+ V1—p? cos sin®, 
whence 
sin? = 1—cos? a = 1— cos? b+ 24 V1—p? cos sin cos ® 
cos? 6 sin? 

From this result, equation (157) follows at once. Setting 

2sin@cos@=a, ‘cor’ b+c=1, (158) 
it becomes 

QB’ = r? [1— by?— (1—p?) cos? V1—p? cos 6]. (159) 


_| 
8) $ / 
9) 
8 r 
_| 
2) 
3) 
lat 
the } 
da- 
5) | 
cal. 
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For convenience, it is useful to express this in terms of the surface harmonics S;(y, 6), 
which are solutions of the equations 


a aS; 


Now the S;(u, 6) are of the form 
8) = (Ch cos mo + sin ma) (161) 
m=0 


- where the Ci, and Di, are constants and the P; the set of Legendre polynomials. It can 
be verified easily, by comparing (161) with (159), that 


= dw? (2 6) | (162) 
where in S,(u, @) the coefficients C?, and D3, have the values 
Cl=—4a, D,=0 (m=0,1, 2). (163) 
Therefore, finally, 


(14 +4w?r? [2 +52(u, 0)]. (164) 


Using the dimensionless variables, the fundamental equations can be written in the form 


n=n(¢), (165) 

(168) 


For small values of the parameters x,’ and ¢ one can seek solutions in the series forms 
My 8; = nov 0(E) +x0 temo. 8) (171) 


x’ (Es My 85 x09 €) = x0. +x0 00 My O) My O) (173) 


4), 


0) 


6) 


7) 
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Introducing these expressions into the fundamental equations and equating the co- 
efficients of like powers of the parameters, one finds 


(174) 


foo On Ou 


fo.0 00 06 


To separate the variables, one assumes solutions of the form 


6 = > 83 CE) Qy, 5 8) , 


7=0 ’ 


where Qi; 0.; = Pj(u), the jth Legendre polynomial, and Qoi,, = S;(u, 6), the jth sur- 
face harmonic. 

Introducing these into the equations (175)—(181) and equating the coefficients of like 
functions gives 


1 {(dmi.o:0 £1,0:0 40,0 dx1, 0:0 

= 183 

dé So. 0 dg” 
M5 (j =2,3,4), (184) 

So. 0 

(j =1, 5,6,....), (185) 


1) 
can 
2) 
3) 
fo.1- (181) 
4) 
) 
rm 
J 
8) 
} 
9) 
ms 
1) | 
2) 
3) 


146 WASLEY KROGDAHL 


‘ xiv 0: (7 =0,1,2,....), (186) 


fdno.ti0 _ 150 2 

2 = x6, 12+} é?, (188) 


A comparison of equations (183)—(186) with the corresponding equations of the tidal 
problems shows them to be identical, while the same is true of a comparison of equations 
(187)-(190) with the corresponding equations of the first-order rotational problem. 

Hence, the solution of the problem is in principle given (to the first order) by the 
solutions of the separate rotational and tidal problems. This is the generalization of a 
result known to be valid for polytropic configurations. 

The mass is, of course, 


M= par fof 


All terms explicitly containing 6 or u vanish after integration, so that 


as in the problem of rotation alone. 
The boundary of the configuration is fixed by the condition that the pressure be zero 
there. This implies that 


= fo) (2) +eno.1( 0) +x0 m.0(£o) +.-..=0, 


whence it follows that, to the first order in € and xq’, 


1 ” ) 
E— = no. ot 252} 11,0: 91.0: 4P 4} le 


G5, M 7=2 


IV. APPLICATIONS OF THE THEORY 


The results of the previous sections yield the differential equations (62), (63), (86), 
(87), (88), and (140) for the rotational and tidal perturbations. The equations for the 
first-order perturbations have been integrated numerically for three models due to 
Henrich." The models used are: (I) a wholly convective model with y, = (p,/Pg)r=0 = 


1 4p. J., 93, 483, 1941; ibid., 96, 106, 1942. 


(192) 
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(1 — B.)/B. = 0.01, having a mass M = 1.23M@u5? (uo being the molecular weight 
of the stellar material); (II) a composite point-source model with y, = 0.01, M = 
(III) a composite point-source model with y.=0.25, 
The numerical results are given for a variable in terms of which the integration was 
most conveniently performed, namely, 


(j =0, 2, 3,4). (193) 
The equations in y,; to be integrated are easily shown to be 
dé 
(194) 
“ade = Yu, j (j =2,3,4). (195) 
dé 
For completeness, the following are two formulae of interest adapted from Henrich’s 
papers, namely, 
= ( — 196 
y 2/3 
T =T, (2) (197) 
Ve 
to which may be added the relations 
j 
198 
dno 
dé | 


The principal results are contained in Table 1, which gives the A,’s obtained for the 
different stellar models. The effective polytropic indices, mes, have been obtained from 


TABLE 1 
Model A: As As Neff 
errr re 1.27871 1.10201 1.05237 6.08 1.5205 
ee ere 1.01559 1.00354 1.00125 70.2 3.3063 
1.004237 1.000746 1.000003 191 3.8486 


4, by inverse interpolation.!* The more detailed results are given for models I, II, and 
III in Tables 2, 3, and 4, respectively. 


12See Chandrasekhar, M.N., 93, 567, 1933, Table VIII. 
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TABLE 2 


WHOLLY CONVECTIVE MODEL 
(ye=0.01, 5.8202) 


df 
to | to yx 108 
Vi,0 Vie Vi,3 0 0 dno 
dé 
oa 0.000000 | 0.000000 | 0.000000} 0.000000 | 1.0000 | 0.60564 | 1.00000 
0.002663 | 0.007986 | 0.001598 | 0.000320 | 0.9960 | 60476 | 0.99625 
0.021230 | 0.063559 | 0.025463 0.010195 | 0.9839 | 60215 | 0 98512 
0.071224 | 0.212672 | 0.128045 | 0.076996 | 0.9643 | 59783 | 0.96682 
0.167425 | 0.498097 | 0.400935! 0 322002 | 0.9373 | .59183 | 0.94170 
‘Ye 0.32355 | 0.95804 | 0.96728 0.97319 | 0.9037 | .58420 | 0.91024 
0.55199 | 1.62497 197711 2 30336 | 0.8642 | 57502 | 0.87306 
0.86359 | 2.52474 | 3.60177 5.10266 | 0.8197 | .56435 | 0.83084 
“rear 1.2676 | 3.67606 | 6.02796 9.79486 | 0.7709 | .55227 | 0.78435 
i... 1.7714 | 5.09018 | 9.45148 17.3473 | 0.7189 | .53887 | 0.73430 
ee 2.3809 | 6.77106 | 14.0713 28.8245 | 0.6647 | .52425 | 0.68183 
3.1004 | 8.71568 | 20.0840 45.4773 | 0.6091 | .50849 | 0.62753 
3.9327 | 10.9148 | 27.6790 68.7363 | 0.5531 | 49170 | 0.57236 
4.8796 | 13.3536 | 37.0352 100.204 | 0.4975 | .47395| 0.51709 
- 5.9419 | 16.0131 | 48.3176 | 141.642 | 0.4430 | .45535 | 0.40251 
$0.......... 7.1200 | 18.8709 | 61.6771 194.966 | 0.3904 | .43594 | 0.40930 
8.4139 | 21.9029 | 77.2493 | 262.231 | 0.3402 | _41582 | 0.35811 
> 9 8240 | 25.0830 | 95.1568 | 345.634 | 0.2928 | .39503 | 0 30942 
11.3509 | 28.3805 | 115.511 447.506 | 0.2486 | 37362 | 0.26369 
—s....... 12.9962 | 31.7968 | 138.417 570 328 | 0.2079 | .35161 | 0.22126 
14.7629 | 35.2856 | 163.978 716.741 | 0.1708 | .32898 | 0.18236 
16.6555 | 38.8399 | 192.302 889.579 | 0.1375 | _30571 | 0.14717 
18.6807 | 42.4480 | 223 508 1091906 | 0.1079 | (28174 | 0.11576 
20.8476 | 46.1047. | 257.740 1327.078 | 0.08195 | _25690 | 0.08815 
23 1686 | 49.8111 | 295.174 | 1598.828 | 0.05967 | 23097 | 0.06431 
25.6599 | 53.5771 | 336.036 1911.375 | 0.04001 | .20355 0.04416 
28 3429 | 57.4222 | 380.622 | 2269.508 | 0.02555| 17391 | 0.02761 
31.2455 | 61.3790 | 429.330 | 2679.280 | 0.01352 14063 | 0.01463 
34.4057 | 65.4981 | 482.711 3147 594 | 0.00486, 09998 | 0 000485 
37.8799 | 69.8628 | 541.603 | 3684035 | 0.00013 02965 0.000137 
38.2505 | 70.3265 | 547.938 | 3742.717 0.00000 0.00000 | 0.000000 
dy; , | | 
| | 


s 
| 
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TABLE 3 


COMPOSITE MODEL 
(ye=0.01, &:= 1.7039, 14.0903) 


dto 
g 1,0 1,2 1,3 1,4 0 0 dno no 
dé 
ae 2.3795 6.7669 14.063 28.809 | 0.6619 0.5638 0.5144 
3.9152 10.864 27 .567 68.490 5400 5409 3815 
5 Se 5.8806 15.829 47 .863 140.51 4216 4843 2699 
> ae 8.2884 21.510 76.175 259.26 3177 4132 1838 
Se 11.175 27.791 113.75 442.19 2328 3409 1216 
14.606 34.620 161.99 710.57 1671 2746 07873 
1 Sar 18.678 42.010 222.58 1090 . 32 1183 2172 05022 
ae 23.510 50.027 297.55 1612.95 08286 1698 03171 
-) 29.241 58.771 389.25 2316.40 05770 1316 01992 
36.020 68 . 364 500.43 3245 . 86 04002 1013 01247 
ee 44.008 78.942 634.15 4454.59 02768 07784 007802 
53.367 90.641 793.82 6004 . 60 01914 05996 004872 
64.265 103.60 983.14 7967 .19 01322 04541 003039 
Se 76.871 117.95 1206.15 10424.0 009096 03466 001893 
91.353 133.83 1467.15 13467 .2 006276 02664 001179 
ee 107 .88 151.37 1770.72 17200.5 .004303 01979 0007287 
126.62 170.70 2121.79 21740.0 .002964 01517 0004469 
“agg 147.75 191.93 2525.49 27213.7 .002019 01163 0002701 
171.41 215.19 2987 .14 33762 .4 .001356 .008839 .0001608 
197.78 240.58 3512 .37 41541.1 .0008960 .006634 .00009337 
227.01 268 .23 4107 .06 50719 .2 .0005795 .004907 .00005294 
259.26 298 .23 4777 .40 61481.8 .0003648 .003559 .00002887 
> 294.69 330.72 5529.84 74029 .4 .0002220 .002522 .00001506 
333.46 365.80 6371.13 88579 .8 .0001291 .001734 .00000743 
315.72 403.57 7308.21 105366 .9 .00007079 .001141 .00000339 
421.63 444.15 8348 . 30 124642 .0 .00003577 .000699 .00000138 
471.32 487 .64 9498.77 146674.7 .00001606 .000539 .00000049 
| Se 524.96 534.15 10767 .2 171752.9 .00000599 .000202 .00000013 
582.68 583.77 12161.5 200182 .0 .00000161 .000081 .00000002 
ee 644.61 636.60 13689 .7 232287 .0 .00000021 .000020 .00000000 
710.90 692.72 15360 .0 268412 .0 .00000000 .000000 .00000000 
726.48 705.86 15757 .6 277160.1 0.00000000 | 0.000000 | 0.00000000 


2 
| | | | 
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TABLE 4 


COMPOSITE MODEL 
(ye=0.25, 2.3889, Eo= 19.9986) 


1,0 1,2 Vi, Viva 0 0 dno 4 no 
dé 
0.00000; 0.00000 0.00000 0. 1.00000 0.6618 0.25000 
0.00266 0.00799 0.00160 0.000320 . 99560 6603 
ne... 0.02122) 0.06352, 0.02545 0.010190.98251 | .6559 | .24853........ 
0.6.....| 0.12791 0.076930 .96115 
0.16715) 0.49690 0.40018 0.321520 .93208 6388 | 
| 0.55014, 1.61683 1.96948 2.385920. 85422 6115 | 
1.6.....| 1.26115; 3.64694 5.99162 9.747500 . 75687 
| 2.36603) 6.69973 13.9604 28.6440 0.64897 
3.90763) 10.7818 27.4328 68.2579 0.53894 .4867 (0.20038.......... 
| 7.07856 18.6101 61.0673 193.468 0.37783 0.2936 
| 14.7777 | 34.9333 | 163.003 713.917 
26.4219 | 54.7364 | 342.523 1944.23 (0.073370 | .1534 |....... | 03486 
C20) 44.0485 | 79.333 635.074 4456.69 0.029915 | .07930,...... 01139 
70.1879 | 110.855 | 1089.937 9122.10 0.012373 | .04060)....... .003844 ) 
107.471 | 151.431 | 1768.314 17175.14 0.0052708 | .02105 |......., .001362 
| 158.485 | 203.004 | 2741.834 30273.78 0.0023250 | .01104 |....... 0005049 
1020: 225.746 | 267.373 | 4092.145 50558.85 0.0010716 -005776 0001952 
311.677 | 346.210 | 5910.257 80708.47 0.00050658 .003351....... 00007503 
| 418.558 | 441.055 | 8295.442 | 123982.0 000023328 .001913....... .00002793 
| 548.646 | 553.454 (11356.9 184300.5 0.00010287, .001055....... 00000986 
| 704.139 | 684.899 |15213.0 266289 .1 000004239, .000553)....... | .00000320 
| 887.216 | 836.895 (19992 .2 375354. 1 0.00001576 .000269....... .00000092 
| 1100 .031 1010.973 |25832.2 517742 .7 0.00000499 .000118....... 00000021 
1344.732 |1208.602 32880.8 700590. 7 0.00000120, .000040,....... 00000002 
1623.414 |1431.304 41294.7 931992 .9 000000017 .00000000 
1938.095 /1680.513 51238.7 1220991 .3 000000001 000001)... 00000000 
2290.255 |1957.245 (62869 1576768 .8 0 000000000 (0..00000000 ( 
(wis | 
I wish to express my gratitude to Dr. Chandrasekhar, for his very kind interest and ‘ 
guidance, and to Mr. Louis Henrich, who gave me access to his results in advance of 
publication and did much to render the computing easier. 
YERKES OBSERVATORY 
May 12, 1942 ‘ 
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A NOTE ON THE PERTURBATION THEORY FOR 
DISTORTED STELLAR CONFIGURATIONS 


S. CHANDRASEKHAR AND WASLEY KROGDAHL | 


ABSTRACT 


In this paper we relate the general perturbation theory developed in the preceding paper with the 
earlier general discussion of distorted equilibrum configurations. 


1. In the preceding paper' one of us has developed a general theory of perturbations for 
describing stellar configurations distorted by tidal and (or) centrifugal forces. The gen- 
eral method consists of simply expressing the changes in the physical parameters caused 
by the perturbing forces in terms of the density and pressure distributions in an undis- 
torted configuration with the same central density. Thus, considering the purely tidal 
problem, for example, it is found that the pressure distribution can be expressed in the 


form 
4 


n= > , (1) 


where » denotes the pressure (expressed in units of the central pressure) and the n}. ;’s are 
solutions of the differential equations (cf. op. cit., eq. [140]) 


dy 


dé 


together with the boundary conditions 


mj = (3) 


Further, in equations (1) and (2) no and £o correspond to solutions for the pressure and 
density distributions in the corresponding undisturbed configuration, i.e., they satisfy 
the differential equation 


1 d dw 

dé df 
The a,;’s in equation (1) are certain numbers defined in terms of the values which nj, ; 
and d/dé(n}.;/fo) take at the boundary of the configuration.” Finally, 


where M” denotes the mass of the secondary, R the distance between the centers of 
gravity of the two stars, p, the central density of the primary, and a the chosen unit of 


distance. The solutions for the rotational and the combined rotational and tidal prob- 
lems take similar forms. 


1W. Krogdahl, Ap. J., 96, 124, 1942. 
Cf. op. cit., eq. (135). 


=—fy. (4) 


(5) 
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2. Now there exists a general theory of distorted equilibrium configurations in which 
the emphasis is on the variation in the forms of the surfaces of constant pressure (or 
density) through the star.* On this theory the isobaric surfaces are written in the form 


4 
(6) 


where £ is the mean value of é for a given value of the pressure; and it is shown that the 
functions S; (j = 2, 3, 4), defined as 


, Y; 
S; ra dé ’ (7) 
are solutions of the first-order equation 
dS; . 
with the boundary conditions 
(—€=0). (9) 


In equation (8) p is the mean density interior to &. 

While the objectives of this theory are more limited than those of the general per- 
turbation theory of the preceding paper, it is clear that equation (8) must be a simple 
mathematical consequence of equation (2). In this note we shall show that this is actual- 
ly the case and thus establish the formal equivalence of the two theories. 

3. From equation (1) it readily follows that the equation of the isobaric surfaces can 


be written in the form 


4 * 
=¢ 1— x" 0 
E (So) = E (So) dq (10) 
dé 
Comparing equations (6) and (10), we conclude that 
(11) 
dé 
Hence, 
d log Y; mi 
S;=&§ —-—=- 1 12 


where we have used primes to denote differentiation with respect to &. 

We have to show that S; satisfies the differential equation (8) in virtue of its definition 
and the differential equation (2) which nf ; satisfies. To show this, we shall first trans- 
form equation (2) by introducing the variable 


(19 
fo’ 


3H. Jeffreys, The Earth, chap. xiii, Cambridge, England, 1929; T. E. Sterne, M.N., 99, 451, 1939. 
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whence equation (2) becomes 


Now, let 
Then 
or, since y 
equation (16) becomes, after some further reductions, 
dé ni 


4. We shall now express S; in terms of g;. According to equations (13) and (15), 


dlog¥s_ fo (19) 


Hence, combining equations (12) and (19), we have 
(20) 


We can eliminate 76’ from the foregoing equation by using equation (4); according to 
this equation, 


(21) 
0 
or 
te 
2 


We can therefore re-write equation (20) as 


3 
(23) 


0 


We can express the foregoing relation somewhat differently, using the following relation 
between the actual and the mean densities: 


ich 
(or 
J 
6) 
he 
7) 
8 ) 
)) 
le ) 
an 
)) 
yn 
s- 
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Thus, 


p(é) 
| 

We now substitute the foregoing relation in equation (18). We find 

ta +32) — (26) 
or, after some reductions, 

Op 

Sj- 1) (S;+1 


(27) 


Expanding the right-hand side of equation (27) and using the relation (24) we readily ob- 
tain 


2 2 4 , 
No No 0 No Ny 
a 239 2 


which vanishes identically in virtue of equation (22). Hence, 


Gitsi-s FG +1) $6 41) =0. (29) 
Finally, we verify that, according to equations (3), (13), (15), and (23), 


S;=j—-2 at (30) 


This proves the formal equivalence of the two perturbation theories now available. 


YERKES OBSERVATORY 
May 18, 1942 
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NOTES 


ON THE FORMATION OF PLANETS 


ABSTRACT 
Spitzer’s analysis of the development of a filament of stellar material omits the effect of the gravita- 
tional field of the parent-stars and is thereby vitiated. Luyten’s recent paper considering the motion 
of the planetary material is criticized. 


In a paper! entitled ‘“‘The Dissipation of Planetary Filaments”’ the problem of the 
development of a filament of material of planetary mass initially at stellar temperature 
released in space and solely under its own influence has been discussed by Spitzer. While 
the analysis given by Spitzer deals in some detail with the situation postulated by him 
and is not here called into question, it must nevertheless be pointed out that it is in- 
applicable to the actual problem of the formation of planets from two stars. The reason 
for this is that Spitzer has neglected the gravitational field of the parent-stars, which 
must be of stellar order as compared with planetary order for the field of the filament 
and in actual energy required for escape involves a difference of a factor of order at 
least a hundred. 

It can easily be verified that the two stars would not have separated by more than a 
few radii in the time estimated by Spitzer for a filament to dissipate (less than 1 hour), 
and, further, that the field in the neighborhood between the two stars during this time 
is easily capable of restraining velocities arising from material at a temperature of the 
order of 10’ degrees. 


With regard to Luyten’s? recent paper, attention is drawn to the following points. 

It assumes a linear distribution of velocity in the filament, by which is presumably 
meant a continuous amount of matter. The problem really concerns the ultimate mo- 
tion of the particles into which the filament is assumed to condense (by internal or other 
forces not considered in Luyten’s analysis), and it is in regard to these particles and at 
the time when the parent-stars have separated to great distance that the working assumption 
of a roughly linear distribution of velocities has been made in order to help visualize 
how such particles would be moving relative to the parent-stars. 

The analysis proceeds from an acceleration of the form /(a)/a’r? to an escape ve- 
locity of the form V f(a)/ar, which is an inadmissible step. 

Luyten makes the assumption that a is constant, which, together with the assumed 
(parabolic or hyperbolic) independent motion of the parent-stars, predetermines the 
motion of every part of the filament as envisaged in his discussion. To attempt there- 
after to compute a motion already completely determined by the assumptions, and 
moreover to arrive at quite a different answer (in the case of hyperbolic motion) from 
what is implied by these assumptions, clearly represents an ineffective attack. 

These errors are repeated in considering the case of hyperbolic motion of the 
separating stars (p. 138). Moreover, in calculating the quantity 6 defined by the rela- 
tion 

V* arebotte(! + B) 


‘Ap. J., 90, 675, 1939, 2 Ap. J., 94, 136, 1941. 
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the time when the stars are 0.1 astronomical units apart is adopted, though there can 
be no reason for this instant having any particular significance any more than any sub- 
sequent instant. Actually, 6 is variable and tends to infinity as the stars separate, 
Luyten uses the value 0.092 throughout the motion and describes this as leading to a 
“generous upper limit” for a quantity that is found to be proportional to £. 

These comments show that the criticisms of the theory of the origin of the solar system 
by collision contained in Luyten’s paper are not based on valid arguments. 


R. A. LYTTLETON 


PARKSTONE 
Dorset, ENGLAND 
March 1942 


THE SPECTRUM OF COMET 1942a (WHIPPLE)* 


Several spectrograms of Comet 1942a have been obtained with the quartz and glass 
cassegrain spectrographs of the McDonald Observatory, equipped with the f/2 Schmidt 
camera. At heliocentric distances from 1.8 to 1.5 A.U., the comet was characterized 


TABLE 1 
d 4050 GROUP IN COMET 1942a 
Int. Int. 


* The resolution of these two lines is difficult. 


TABLE 2 
OH LINES IN COMETS 1942a, 1941d, AND 1940c 


INTENSITIES IDENTIFICATION 
A IN 194220 
1942¢ 1941d 1940c d Lab. Notation 

1-0 1-0 2 3078 43 Q,(14) 
4 3 1 3081.64 | P,(14) 

3090.46 4) 
0 1 4 3089.84 Q2(14) 

3089 84 Q2(2}) 
2 2 1 3093.72 | P.(14) 
2 3099 57 P.(34) 


by a very strong reflected solar spectrum and fairly weak molecular emission. Only 
the bands of CV, NH, OH, and \ 4050 were conspicuous. Among the Swan bands, only 
the (0, 0) transition was well apparent, whereas traces of the (1, 1) and (1, 0) transitions 
were hardly visible. There was no trace of CH. 

The \ 4050 group was comparable in intensity to CN. Our measured wave lengths 
are given in Table 1; the dispersion at \ 4050 was 55 A/mm, and the effective slit width 
was 0.8 A. 


* Contributions from the McDonald Observatory, University of Texas, No. 52. 
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The (0, 0) band of OH consisted of six lines; as in Comet 1941d' (r from 1.51 to 1.25, 
dr/dt = —22 km/sec), the intensity distribution among the OH lines of Comet 1942¢ 
(r~ 1.75, dr/dt ~ —13 km/sec) is very different from that in Comet 1940c? (r= 1, 
dr/dt = —35 km/sec). This behavior is illustrated in Table 2. 

In Comets 1942a and 1941d the lowest rotational levels of OH are favored, relative to 
Comet 1940c. This is probably not due to the different radial-velocity shifts of the 
exciting solar radiation but rather to the different types of rotational distribution of the 
OH radicals in the ground electronic state, corresponding to the heliocentric distances. 

The (0,0) band of CN shows a complex structure, similar to that in Comets 1940c, 
1941c, and 1941d. On the best spectrogram of effective slit width 0.7 A the intensity 
maxima measured usually at \ 3876.9 and \ 3873.3 may possibly be resolved into two 
components, which would correspond to the excited rotational levels K’ = 2and K’ = 3, 
respectively. Other intensity maxima and minima are observed for specific values of 
kK’, but they are of the general type discussed previously.’ 

D. M. Poprer 


P. SwIncs 


McDoNALbD OBSERVATORY 
June 5, 1942 


A DISCUSSION OF THE PRESENCE OF KH LINES IN THE 
SPECTRUM OF THE SOLAR DISK 


ABSTRACT 


Recent laboratory measures of the spectrum of potassium hydride permit a study of the presence of 
this molecule in the sun. Coincidences between lines of the KH spectrum and those of the solar disk 
have been investigated, but no evidence for the presence of KH lines in the sun has been found. 


The molecule of potassium hydride has an extensive spectrum in the photographic 
region, corresponding to a 'S-'S transition. A priori it would seem improbable that KH 
lines could be identified in the solar spectrum, since the heat of dissociation of KH 
(1.92 volts) is of the same order as those of CaH (<1.70 volts) and of MgH (<2.50 
volts), while potassium is less abundant in the solar atmosphere than calcium or mag- 
nesium; it is known that CaH and MgH are observed in the sunspot spectrum but not in 
thesun. Yet it seems useful to discuss the possibilities of identification, since the relative 
values of the oscillator strengths of KH, CaH, and MgH are not known and since devia- 
tions from thermodynamic equilibrium could conceivably reduce the dissociation of 
KH. It is known that a large proportion of faint solar lines is still unidentified and that 
many of these lines must be of molecular origin. 

Recent laboratory measures of the many-line spectrum of KH have been made at 
the University of Illinois by Dr. G. M. Almy,! between \ 4172 and \ 4619. For solar 
identification we have chosen the v’ = 0 progression from v’ = 9 to v’ = 17, which 
should provide the strongest lines. Unfortunately, at solar temperatures the strongest 
lines in the P and R branches correspond to J ~ 24, whereas Almy gives the classifica- 
tions to only J ~ 11. Happily, the increase in intensity between J = 11 and J = 24 is 
merely 50 per cent. 


1 Ap. J., 95, 218, 1942. 
2 Ap. J., 94, 320, 1941. 
3 Lick Obs. Bull., 19, 131, 1941. 


! Unpublished material kindly communicated to Dr. P. Swings by Dr. Almy. The following papers 
concern the KH spectrum: Almy and Hause, Phys. Rev., 42, 242, 1932; Hori, Mem. Ryojun College of 
Engineering, 6, No. 1, 1933; Almy and Beiler, Phys. Rev., 61, 476, 1942. 
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The coincidences between wave lengths of KH lines and solar lines have been dis. 
cussed, following the method of Russell and Bowen? after subdivision of the progression 
into two parts: from v’ = 9 tov’ = 12and from v’ = 13 tov’ = 17. Attention has been 
paid to possible systematic differences. The numbers of coincidences have been de- 
termined within 0.005 A, between 0.006 and 0.015 A, between 0.016 and 0.025 A, be- 
tween 0.026 and 0.035 A, and, finally, between 0.036 and 0.045 A. In all cases the num- 
ber of observed coincidences is of the same order as that to be expected by chance, 
The possible effect of masking by strong solar lines has been considered, but this does not 
modify the result. 

On the basis of the data available at present we may thus conclude that there is no 
evidence for the presence of KH in the solar spectrum. But it would appear promising 
to search for KH in the spectrum of sunspots and of late-type stars. In M stars the 
strongest rotational lines would correspond to J ~ 16. 

W. P. BIDELMAN 


YERKES OBSERVATORY 
June 17, 1942 


2 Ap. J., 69, 196, 1929. 
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Foundations of Astronomy. By W. M. Smart. London: Longmans, Green & Co., 1942. Pp. 
vi+268. $4.20. 


Professor Smart, who is as well known for his textbooks Spherical Astronomy and Stellar 
Dynamics as for his research work, has written a new book “intended for students taking a first 
year course in astronomy in the universities and for all those interested in the subject who feel 
the need for a more solid foundation than the many descriptive books can provide.” The author 
recommends it especially to the men in the naval and air forces who require a knowledge of 
astronomy in its application to navigation. 

The elements of spherical astronomy are treated in considerable detail, and there is a chapter 
on “Determination of Position on the Earth,” which is devoted to practical navigation. The 
results of dynamical and statistical astronomy and of astrophysics have been condensed into 
some sixty pages and are probably intended to serve as a background to the chapters on spheri- 
cal astronomy and navigation. Each chapter contains a number of exercises which the student 
may solve with the help of a Nautical Almanac and a modest knowledge of elementary mathe- 
matics. 

The emphasis which is placed upon practical computations in navigation serves to bring out 
conspicuously the awkwardness of our present system of measurements. For example, when on 
page 114 a formula for the distance of the sea horizon contains both the statute mile of 5,280 
feet and the nautical mile of 6,080 feet, it is difficult to escape the feeling that the astronomers 
carry a certain amount of responsibility for having permitted this situation to continue without 
emphatic protest. We must hope that after the war public opinion will not be averse to certain 
innovations, such as the introduction of the metric system or of a perpetual calendar, and 
that the astronomers will not be too sluggish to insist that these innovations be adopted. 

The book is generally accurate, and the line drawings are of excellent quality. In Figure 116, 
on page 252, it is not clear why the plane mirror of the Newtonian reflector is placed off-axis. 
On the same page we learn, somewhat to our surprise, that the Simeis Observatory in Russia is 
credited with a refractor of a little over 40 inches in aperture. We have known that since before 
the beginning of World War I the Pulkovo Observatory was planning to build a large refractor, 
but information of the completion of this instrument had not previously reached us. It is, of 
course, well known that the Simeis Observatory has a 40-inch reflector. 

On page 128 Smart briefly refers to the history of parallax determinations for fixed stars and 
repeats a historical error which has crept into the newer astronomical literature,! though it 
contradicts some of the earlier accounts.? He states that the first successful measurement of a 
stellar parallax was that of 61 Cygni in 1838, which was quickly followed by the measurements of 
a Centauri and a Lyrae. As a matter of fact, the first reliable parallax was that of a Lyrae pub- 
lished in 1837 in the Latin Introduction to the Mensurae micrometricae. The value there given is 
x = +0°125 + 0"055 (p.e.). The best modern value* is r = +07121 + 07004. The first re- 
liable parallax of 61 Cygni was published‘ in 1838 and was actually obtained by Bessel in that 
year.” The important thing, however, is not, as Smart’s statement might lead one to think, 
which parallax was determined first but which parallax actually dispelled all doubts of the 
contemporary astronomers that the long-searched-for effect had finally been found. There can 
be no doubt that the parallax of 61 Cygni, and not that of a Lyrae, gave this assurance: it hada 
probable error of only +0’014 applied to a parallax of tr = +0314. The best modern value is 
x = +0299 + 07003. The relatively much greater uncertainty of the first parallax of a Lyrae 


1 See, e.g., Zinner, Geschichte der Sternkunde, p. 526, Berlin, 1931. 

* Agnes M. Clerke, History of Astronomy during the 19th Century, p. 35, London, 1902. 

3 Schlesinger, General Catalogue of Stellar Parallaxes, 1935. 

4A.N., 16, 65, 1838. 

® Bessel’s Correspondence with Olbers, 2, 419, Leipzig, 1852; see also Main, Mem. R.A.S., 12, 43, 1840. 
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is also demonstrated by the fact that later micrometer observations, up to 1838, gave r = 
+0261 + 07025, while observations with a vertical circle by Peters gave, in 1846, r = +071093 
+0053. Bessel’s additional observations of 61 Cygni published in 1840 gave r=0"348+0"010, 


0. S. 


Sea and Air Navigation. By W. M. Smart. (The Halley Lecture delivered on June 3, 1941.) 
Oxford: Oxford University Press, 1941. Pp. 48. $0.70. 


Lord Jellicoe has related the story of the damaged light cruiser ‘‘Undaunted,” which was 
nearly lost after the battle of March 25, 1916, because her dead-reckoning position was in error 
to such an extent that searching vessels had great difficulty locating her and conducting her 
safely to her base. Professor Smart is confident that ‘‘in these critical days when the ‘Battle of 
the Atlantic’ is being waged and when danger lurks in all the Seven Seas, the very high skill of 
our navigators, both in our ships and in our long-range aircraft, must inspire us with a proud con- 
fidence that as far as their share in great events is concerned, all will be well in the end.” In the 
midst of this great war many hundreds of astronomers are engaged in the teaching, the practice, 
and the development of navigation. It is, therefore, appropriate that the Halley Lecture for 
1941 at Oxford University was devoted to a popular account of the history of navigation, to- 
gether with a brief description of the methods now in use. Incidentally, Professor Smart was 
himself the author, during the last war, of the so-called “sine method,” the purpose of which is 
to “relieve the navigator of much of the heavy part of his calculations.” 

The following quotation from the lecture will be of interest to those who, in this country, 
direct the training of instructors for the navy and the air force: 


The gigantic war-time development of flying makes it reasonably certain that aircraft will play an 
ever-increasing part in the industrial and commercial life of the world, and, consequently, it is evident 
that the training of a large number of air-pilots in navigation will call for increased instructional facilities 
all over the country. On its theoretical side, navigation is largely mathematical and astronomical, and for 
this reason is a subject admirably suited in my opinion for academic development in some, at least, of our 


universities. The Royal Navy recognizes to some extent this particular aspect of the subject in its recruit- 
ment of the Instructor Branch, all the officers of which are University graduates; most of them possess 
Honours degrees in mathematics or natural science, and all become qualified to teach the theory and prac- 


tice of Navigation to the junior officers of the service. 


O. S. 


